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PREFACE TO THE FIFTH EDITION. 


THis book originally appeared as a Class-Book of 
Algebra Examples. Its distinctive feature was the 
division of each Exercise into three sets As BO. Of 
equal difficulty, to be given to contiguous pnpils in 
a class, and to thereby insure independent work. 
While this has been retained as a valuable auxiliary to 
teaching, it seems to the author that the interweaving 
of the explanations of the algebraic processes with 
the illustrative Exercises will emphasise the value of 
the former, and discourage mere mechanical working. 
Por beginners in algebra neatness of work js of prime 
importance. Hence the number of examples in each 
Kxercise has been red uced, in order that more attention 


may be given to neatness of style and, to a rrangement. 


Particular attention has been paid to fecianeiton: 
and to Multiplication and Division at Sight: as ‘the 
after progress of the student is to a great extent de- 


pendent on his power to em ploy these. processes readily, 


In this Fifth Edition a few misprifits found’ in the 
Fourth Edition have been corrected ; but otherwise 


the work is the same, 


Banaatorg, 
24th March | 1897. ; 


J. COOK. 
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ANSWERS TO EXAMPLES 


GENERAL RULES FOR THE STUDENT OF ALGEBRA, 


- The working of an example should always show clearly 
how each step follows from the preceding one: and 
tor this the correct use of short explanatory Wes 


or symbols is of much importance. 


ul. Neatness of arrangement in Algebra is of the great- 


est value, and in itself eoes far to insure accuracy. 


= 


‘tu. The sign=(equal) should only be used in its correct 
sense, to connect quantities or expressions which are 
equal; and the several steps of a solution should be 
arranged so that the signs of equality are placed one 


under the other. 


iv. It is better not to cancel in Algebra by drawing lines as 
is done in Arithmetic; if the steps of the solution 
are clear, the elimination of a factor, term, &e., will 


be obvious without this, 


ARGEB RA 
FOR MIDDLE SCHOOLS. 


Chap. 1—ALGEBRAIC SIGNS AND 
THEIR USE, 


$1. A Quantity is a measure of any kind. In Arith- 
metic all quantities are special or particular, that is, have 
definite numerical values: as 3 pounds, 4 yards, &c., which 
are concrete arithmetical quantities, 7.e., definite mea- 
sures of definite things ; or 3, 4, &c., which are said to be 
abstract arithmetical quantities, which only tell the 
number of times the unit—whatever it may be—is repeat- 
ed, but tells nothing of the nature of the unit referred to. 


§2. In algebraic quantities no particular numerical 
values belong to the symbols used; they are general 
quantities and may have one value in one question and 
another value in another. They dre usually denoted by 
the letters of the alphabet a, b, c, &c., ora, y,z. They 
might however be denoted by the colours of the rainbow, 
or by any other convenient symbols: thus the fourth pro- 
position of Euclid, Book LIT, might be symbolically ren- 
dered as follows: Let a line be divided into two parts, 
one called red, and the other blue; then square of the 
whole line (red + blue) = square of the red + square of 
the blue + twice the product of red into blue; or briefly 
(7 + 6)? =7? + b* + 2rb, This shows the advantage of 
algebraic brevity by the use of symbols. The eye and the 
mind can take in at a glance a statement which is ob- 
secured by the many words that are otherwise needed to 
express it, 

XII 1 
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§ 3. The algebraic signs most commonly used are the 
following :— 
+ , which is read plus (Lat. = more), is the sign of 
addition; 3 + 4,or3 plus 4, means 3 more than 
A, 1.€., @. 


—, which is read Minus (Lat. _ less), is the sign of 
subtraction ; 4—2, or 4 minus 2, means 4 less 
2s 10 2. 


~ 


+, which is read plus or minus, means the sum or 
difference of ; 5 + 3, or 5 plus or minus 3, is 
or 2. 

x, or., which is read into, or multiplied by, is the 


sign of multiplication ; 3 x 4, or 3. 4, is read 3 
wnto 4, or 3 multiplied by 4, t.e., 12. This multi- 
plication dot is written on the line; the decimal 
dot above the line. 


=, or /, which is read divided by, is the sign of divi- 
sion ; 8 + 2, or 8/2, means 8 divided by 2, t.e., 4. 

(), t+, J, are called brackets [diminutive of brace, 
from Lat. brachium = an arm] and are small 
signs to hold all enclosed within them together 
as a single number or quantity. 


() are called common brackets because most fre- 
quently used. 


i ¢ are called face brackets, from their appearance. 


{ ] are called square brackets, and are generally used 
to include a large number of separate quantities. 
—— , drawn over two or more letters or numbers, is 
called a Vinculum [Lat. = a chain or bond], and 
has the same force as a pair of common brackets. 
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/ is called the radical or root sign, and is merely a 
large form of the letter r. 

/16 denotes the square root of 16, z.e., 4; 9/27 denotes 
the third root, or cube root as it is called, of 27, 
i.e.,3; 4/81 denotes the fourth root of 81, ie., 
that number which multiplied by itself 4 times 
gives 81, 7.e., 3. 

=, which is read is equal to, denotes that the two num- 
bers or quantities between which it is placed, are 
of equal value, eg.,4+3=1+4 6. 

is used as a short-hand symbol for therefore, and is 
used at the beginning of a new step in reasoning, 
and generally at the beginning of a line. 

is used in the same way as short-hand for because, 
and is used only at the beginning of a line ina 
train of reasoning. 

> is used to mean is greater than; and < to mean 
is less than; eg, 4 > 3, and 3 < 4; in each 
case the opening is towards the greater number. 

| N.B.—It is an error to use the signs =, >, <, for the 
adjectives equal, greater, less ; they have a predi- 
cative force. | 


§ 4. Elementary Definitions, 


Anjalgebraic expression is the symbol or collection 
of symbols used to denote any quantity or quantities. 


The Terms are the parts of an expression separated by 
the signs + or —. 

An expression is called monomial if it has only one 
term ; binomial if it has only two terms ; trinomial jf it 
has only three terms; and polynomial or multinomial] if 
at has more than three terms. 
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A simple expression has only one term; a compound 
or complex expression has several terms. 


The Product is the result of ‘multiplying. two or more 
quantities together and is denoted in Algebra thus :-— 
a@ x 6, ora. 6, or simply ab. | 

A Factor is one of the quantities which go to make up: 
a product; thus a and b are the two factors of the pro- 


duct ab. 
The Quotient is the result of dividing one quantity by 


another, and is denoted thus :—a + b, or _ or a/b. 


The Co-efficient is a factor of a quantity ; e.g., in 2a, 2 is. 
the co-efficient. Sometimes a letter may be taken asa co-effi- 
cient, e.g., ax; in this case a is called a literal co-efficient 
[ Lat. Iztera = a letter] ; while 2, in the former case, is, 
by way of distinction, called a numerical co-efficient. 
Most frequently the co-efficient is partly numerical and 
partly literal, e.g., 3a2; here the co-efficient is 3a. 

A Power of a quantity is the number of times that any 
quantity is multiplied by itself to form a product: €.()-, 
ry x ris called the second power or square of r; sor x ¢ 
x vis the cube or third power of +; and the first great 
step in Algebra was made when in 1637 Descartes denoted 
the product of r x r x r by 7°; the small figure is called 
the index or exponent of r, and denotes the number of: 
times that r enters as a factor into the given quantity. 

N.B —When the co-efficient or the index of any quantity 

is unity, it is not written : é.g., a2, means | x ql. 

The Dimensions or Degree of an algebraic term 
means the number of separate letters contained in the 
term, if they were all written out in full, thus :— 

a*b*c [aaaabbc] is of 7 dimensions or of the 7th degree. 
So 6a*be is of 4 dimensions or of the 4th degree, the 
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numerical co-efficient 6 not being counted in speaking of 
dimensions or degree. 

The Dimensions or Degree of aterm is “he sum of 
‘the indices of the several factors of the term. 

The Dimensions or Degree of an Expression 
means the dimensions of the term of highest degree in 
that expression, e.g., 3x5 + 4a* + 7a + 6 is an expression 
of three dimensions or of the 3rd degree, because 303, 
its term of highest degree, has 3 dimensions. 

A Homogeneous expression is one where each term 
has the same dimensions. [Homogeneous from Gr. homos= 
the same, and genos = kind], e.g., 3a + 4a2y + Qay? +74 
is a homogeneous expression of three dimensions. 

A positive term or quantity is one with a+ sign 
before it. 


A negative term or quantity is one with a — sign 
before it. 


Like terms are such as have their literal or letter part 
exactly the same, eg., 6a, 12a, 24a are like terms; 7a%, 
9a°, 12a° are like terms; and 9a*d, 1la*b, 2a%b, are like 
terms: but, if the letter part differ at all, the terms are 
unlike; e.g., 6a°b and 6ab? are unlike: 7a? and 7a3 are 
unlike. 

The arrangement of an algebraic expression should 
always be according to ascending or descending powers 
of some leading letter, or letter that occurs most freq uent- 
ly in the expression: e.g., 9a4 — 7a® + 6a? — 5a + 3 ‘is 
according to descending powers of a; while 1 + 3x + 6a? 
+ 8° is according to ascending powers of 2. 


N.B.—The terms of an expression may be arranged in 
any order, provided they carry their signs along 
with them ; thus, 5a4— 7% — 84% +9 may be 
written 9 — 7x — 8x? + Bat. 
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. EXERCISES ON CHAPTER_I. 


The Use of Algebraic Signs. 
Exercise 1. 
Find the Arithmetical value of the following :— 
A. lL (3 +9—2) x (5—83). 
6 x (3? + 48) x (5? — 3%). 
38. 5x Y8Xx fa? + 4 — /121. 
4. (,/13? —5? + ¥/9?— 17)’. 


a 


B.1. (8—2+6) x (7—A4). 
2 8x (44+ 67) x (45 — 5%). 
3. (8° — J8)x( 27 + /25). 
A, ASA t fEK4+9/9— V/9 x 9. 
Cc. 9x /f/49 x V7? — 22— (64+ 3%) x V4. 


{(83+4+ 9) x Je? + 9? — 20} ”. 
(,/196 — #216) (42 + ./169). 
9,./F— V9 x 9 + 25 y25 —- 25 x 25. 


ew 


Model Solution. 
Find the Arithmetical value of 
{ 3/142 + 63 + 5627 —2 X v6 (83 — 4? — 5)} ?. 
Given Expn. = { $196 +125+25—38 X 6(27—16—5) } *. 
ne 343 X 1/36 } 2=(7 x6)? = 42° = 1764. Ans. 
Exercise 2. , 
Ifa=—1,b=—2,c=4,d—6, f= 0, find the numerical. 
value of the following :— ae 
A. 1. 64+ 36—2ce+ d—4f. 
— 2. Tab + 2be — 4ad + bd. 
3. c(at+9)+d(b+4) —a(ft 6). 
4. 3(ad—ac) + 6 (6d—<af). 
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B. 4b + 6c — 5d + 3f — a. 
Yac — 4bd + d5ad = 3af. 
2abe + dbed + 38acd — 2bdf. 


be (a+b) + cd (b+ f) + ac (b +0). 


ale Re aft 


d(7+b)—c(a+8)+b(f+4). 
5 (be + ad) — 2 (cd — ab). 
4cbd + 2dbf — 3ceba + 5abd. 
ab (d+f)+bd(c+ a) eae (6 + a). 
Model Solution. <r 
Jfa=1, b=2, c= 4, d=6, f =0, find the numerical value of 
abd (ab+bc) — be (ab + be+cf). - : 
Given Expn. = 1.2.6 (1.2+ 2.4) — 2.41.2 + 2.444.0)» 
= 12(2+ 8) — 8(2+8+0) 
“= 12x10—8x 10 ; 
= 120—80=40. Ans. 


onl a 


Exercise 3. 
If a=4, b= 25, c= 16, d =0, x1, y =9, find the 
numerical value of :— 
A. ly ey o/s +2. tc 
2. f4a — 5./ ay + 2r/y. 
3. 2/40 + 1la — 3./c+y. 
4. f407+5e — f2cd + Sy? +d?. 


lL. 3yVy + 4Ve— 8yb. 

2. ~vca + 6yay — 4ya. 

3. Oy3ce +a + Qy2Qy— 2c. 

4. ~4ac + be + by — 3ya? + ¥. 
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C.1l 2Vva+3yb + 4ve + 2ya. 
2. V\4y —2yab + 3BVa 
3. V9a+4e+ 7V7y +c. 
4. \4e? + 20 + 6y4y + ca. 


Model Solution. 
For the same values of a, }, cy d, x, y, find the value of 
9V/8e + ay + a2 + 6 Vabe + ady. 
Given Expn. =913.16 + 4.9 + 42 + 64.25.16 + 4.0.9. 
= 9/48 + 36 + 16 + 61600 + 0 
= 9100 +6 1600 =9 x 10+6x 40 
= 90+ 240 =3380. Ans. 
Exercise 4. 
Find the Arithmetical values of the following if x = 2, 
y=3,2=4,p=—5,n=6,r—=1:— 


2pt3n oat+y Bt tee pt oe 
yt2 nt+y ptr apy” 
n> -— zy? — gy pty? n?+2? 
““@ty) + Gay’ Mate pty” 
pe ys) Say ‘ (nt+r—p)(nt+r+y) , Baz, 
L—-F mn ee po eee 
etytp | ete  ptntr  ytz—e. 
VGntr?)" V(eQ—n a) * Vere year | Van by ee 
mr + pe py yr 


(e@+nt+p eby+tr 
g 2 Oe Pept on? 
ay + n Qa—r 
pO AS it J 8n® — 112? Le? 
a+ 22 — 3y atn—z- 
ag BT TE tye pt 
Ven? a2. +88 — pt a 
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Model Solution. 


For the same literal values find the value of 


V8n9 + 4y24 7? 4/822 — 2p? —2(y +2) 


2+2y—r 2+2p—n 
_ V32 +432 412 , 842-252-238 +4). 
Given Expn. = F761 + aarene ee 
Vie F 8671 , vies == 14. 
7s 8 


ve) 


le + VOR z + a=} +1=2. Ans. 
&xercise 5. 
Express in Algebraical symbols :— 
A. 1. The sum of z and y diminished by x. 
2. stg times x added to seven times y and dimi- 
nished by nine times z. | 
8. Three times a added to four times 6 is equal 

6 to five times c. 

4. a times b is equal to « times y. 


B. 1. The difference between x and y added to three 
times 2. 
2. Seven times a taken from six times 6 and add- 
ed to three times ¢. 
3. Twice «taken from five times y is equal to 
a, four times z. 


4. » times m is equal to r times s. 


©. 1. The product of a and x added to the product 
of 4 and y. 
2. Four times f taken from nine times / and in- 
creased by three times d. 
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3. Ten times a taken from three times 2 is equal 
to twice c taken from d. 


4. Three times the product of a, b, and c added 
to the double of d. 


Model Solution. 


Express symbolically 
9 times the sum of 2m and nadded to 6 times the product: 
of 3p and 2q. 
9(2m + 1) + 6 x 8p x 2g. Ans, 
Exercise 6. 
Write the following Algebraical expressions in words. 
at full length :— 


A. 1. 2a—3b-+ 4e. B. 1.49+2q—5r. | C.1.¢+4d—2b. 


2. 2+ y+ pa. 2. 83y—4a—2z. 2. 3y+ 52--8a. 
3. 2a—S +e. 3.9a—2d+ia, | 3. 5td—a=0. 


4. 34c-—4ay=5by. 4. 4by—2ax=—0.| 4. d5pq—2ay. 


Model Solution. 
Express in words 
3abc—4(a + b)ab +6 (a—c)ac. 
Three times the product of a, b, and c, diminished by 4 times. 
the sum of a and b into their product, and increased by 6 times 
the difference between a and c into their product. Ans. 


Exercise 7. 
Use Algebraic symbols to answer the following :— 
A. 1. T have 3 books in two cases; and a books are in 
the smaller case; how many have I in the 
larger one P 
2. Ten years ago I was x years old; what will be 
my age ten years hence ? 
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3. A man earns 2 shillings per day, how many may 
he earn in a weeks ? 


4. Hight years ago A was four years older than B, 
who was y years old. What is A’s age now ? 


B. 1. There are 20 boys in each class, and x classes in 
the school ; how many boys are there in all in 
the school ? 


2. If xn be an odd number, write down the next two 
odd numbers above and below x. 


3. Two boys A and B have each a marbles at first.. 
After playing for some time A wins y marbles. 
How many does each now have ? 


4. Three years ago I was m years old; how old 
shall I be seven years hence P 


C. 1. There are 3 houses; each house has a windows, 
and each window b panes of glass. How many 
panes have they in all ? 


2. Ifxis an even number, write the four next odd 
numbers. 


3. If A is p years old, in how many years will he 
be r years old P 


4. From a yard measure I cut off three times in 
succession « inches, and then 6 inches. How 
many inches of the measure will now remain ? 
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Model Solution. ib 


If the 15th Regiment contained 80 more men, it would still 
number 40 less than the 4th Regiment, which numbers « men. How 
many meu has the 15th Regiment ? } 

No. of men in 15th Regiment is less than No. in 4th Regiment 
‘by 80 and 40 together, i.e., is less than x by 120, 

.. No. of men in J5th Regiment == «—120. Ans. 


Chap. II-ADDITION. 


§ 5. Addition in Algebra resembles compound addition 
in Arithmetic, like quantities being arranged in the same 
column. Attention has however to be paid to the signs 
in Algebra; if any term has no sign, + is understood. 


The rule may be stated thus :— 


Arrange all the given quantities, each with its own 
‘sign, so that like terms whether + or — fall in the 
‘Same column ; add all the + co-efficients and all the — 
co-efficients of the lst column on the left; take the 
‘difference and set it down with its proper sign as the 
co-efficient of the first term of the required sum; do 
the same for each of the other columns in succession. 

Note 1.—If the sum of all the + co-efficients just equals 
the sum of all the — co-efficients in any column, the sum 
of that column is zero, and there is no corresponding term 
in the answer. | 


Note 2.—The Algebraic sum of any number of quan- 
tities is distinguished from the Arithmetical sum by having 
regard to the signs of the Separate quantities in Algebra. 

Note 3.—It is not always necessary to arrange in 
columns ; it saves time and labour to be able to add by men- 
‘tally collecting like terms as they come i line, and doing 
the additions or subtractions of co-efficients mentally. 
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EXERCISES ON CHAP. II.—ADDITION. 
Exercise 8. 
Arrange in columns and add 
A. 1. 32 + 5y + 8a + 6y + 7x + y. 
2. 7a — by + 2x — By + 52 — y. 
3. — 3a + 4b — 5b — 2a + 7b + 3a. 
4. 9¢— 3d — 7c — 6d + 3c + 16d. 


4a + 3b + 5a + 96 + 7a + 3b. 
7m —2n + 8m — 3n + 2m — n. 
— 6a + By — 2x — dy + 4a + 7y. 
oa — 3b — 10a — 126 + 2a + 208. 


B. 


POD 


2m + 3n + Sm + 6n + m + 2a. 

de — 3d + 6c —2d + 7c — 4d. 

— dx + Ty + 3a — Dy — 2x + By. 
— Im + 2n —m—n + 10m — l6n. 


POD 


Model Solution. 


Arrangeand add: 14m — 8n + 6n — 7m + 3n -— 2m. 
14m — 8n 
—7m + 6n 
-—2m + 3n 


5m+3n Ans. 


Exercise 9, 
Collect and add the following, without arranging in 
volumns. 
A. 1. 2a— 3b + 5a — 6b + 4b — 9a + 6b. 
2. oa + Dy — 3a— by + 2a — By — 3y. 
3. d5¢—9d + 7c + 38d — 8c — 12d + 4c. 
4. 3p + 2r—p—r + 6r— 8p — 3r. 
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B. 1. 6x2 — dy + 3y — 8x — 7a — by + 102. 
2. 80 — 3s— 2p + 10p + 138s — Ay. 
3. —Q9a + 26+ 56+ 7b + 4a—6b — 2a. 
4. 5x + 4a—9e— 7a + llw— l5a— 5a. 
C. 5p + 4c + 8p + 6c — 2p — c — 3p. 


1 

2. 3a + 6b — 7a — 26 + a — 34 — Qa. 
3. 4¢ — Ty -— 8u — 5y + 9y — 7x — 38x. . 
4. du — by — 4y — 8a + Sy + 2la— y. 


ee 


Model Solution. 
Collect and add the following :— 
19b —%e + 8c — 20b + 6c + 11b -— 4c. 
Given Expression =(19b +.11b — 20b) + (8c + 6c —7c— 4) 
= (30b — 20b) + (14¢e — 11c) 
=10b+ 3c. Ans. 
Exercise 10. 
Add the following (i) by arranging in columns, and (ii) 
without so arranging :— 
A. 1. 5a*— 62+ 3c? — 9d? + 8b?—-4a? — 11d2+ 6c? 
+ 7a* —3d? + 762 — 16c2+7d? — 9a? + 5c? 
— 252. | 
2. 8xy + 9yz — Taz + 8ay+4az — 2yz — 5ay+ Syz 
— 4az + llyz — 2xy — 3az. 
3. l4dabe — llécd + 12acd — 3abe + 6acd + 5dcd 
— Yacd — 2abe — Ticd + 10abc — 9bcd — 8acd. 
4. 4x*y + Tay? + Iu? y? — Bay? + 3x%y — 5a2y? 
— 6x? y — 3xy® + 4a*y? + 22y— ay? — a®y?, 


B. 1. 9a* — 3y? +82? — 7a? — Gy? — 32? +42? +5y2 
— 27 +64? +52? — Oy? — lla? — 38y? — 522. 
2. 3pq— 4pr+ 6qr — Tps+ 8pr — 7pq — 3qr +11ps 
— dpq+8ps — 13qr — et — 8pq—17ps 
+ gr. 


ate 
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3. Llayz + 6x? y22* — Bay? 2 + 4ayz? — Dx? yz 
— 90? y? 2? — Tayz + Saxy*2— Bayz? + Qayz 
— Yay? z + a? y?z2% — B3a%yz. 

4. sabced — 3ab?c2d + Vla2bed? + 4ab2c%d — Vabed 
— 9a? bed? + 8ab?c?d + 18abed — 15a2 bed? 
— 17ab? c* d — llabcd + 12a28cd?2. 


C. 1. 6mnp + 3m? np? + 9m3n3 ps — Llm?n*p? 
— dm? n> p> — 8mnp + 1lmnp —17m*n?p? 
——1lm?n i p*, 
2. dSabp— 7a*b® — 3a?q? + 442g? — llabp + 6a? 6? 
+ 9a?q? — 767g? + lla?g? — 6529? — 2a2b2 
+ dain. 


3. avy + 3bu* yz — 4cay? 2? + Saxyz — 6ba? Yop 
—llexy? o*—Sany: ++ That y2+ Gey? z? + 6aayz: 
+ @exy* 2? — lox? yz. 

4. 3mnp? + 4m* np — 7mn? es 10m*n* p* — 5m?np 


+6mn? Fe ae n* 0? + 8mn®p—3mnp" 
— 4m? n* p? — 6m2 np. 


Model Solution. 


Add the following (i) by arranging in columns, and (ii) without 
#0 arranging :— 
10p2?z2 — 3qez? — 1lraz — 7qu2z? + 4r2%—2px0?z +- 8raz—5yx2z 
—17p?a2—12qx2? +8ra2+5q22°. 
(i) Arranging in columns. 
10pa?z—3qa22 — 11 rez. 
— 2p2?2—Tqa2*+4raz, 
— 5px2z—12qmz? + Braz, 
—17px?z+5qu2 + Braz. 


a 14p2°2—17q222+4raz, Ans. 


16 ALGEBRA. [ CHAP. III. 


(ii) Without arranging in columns :— 
Given sum = (10px?2—2pa?2—Spx?2—17px?z) +£—3qu2 —Tauz* 
—12quz* + Spas?) + (—Llraz + 4rac+8raz + Braz) 
==(10px?z— 24px22) + ( —22ga2? +5gaz?)+(—lrez+ Lorex) 
=— 14px?z — 17qaz? + 4raz. ANS. 


Chap. I1Il—SUBTRACTION. 


§ 6. If 4 is to be subtracted from a, the result is expres- 
sed in Algebra by a— 4; and if a is to be taken from 6, 
the result is written 6 — a. 

If 6 +c is to be taken from a, the result is obviously 
a —b—c; for we have to take first 4 from a, which gives 
a — 6; and then c from this, which gives a — 6—¢. 

If 4 —c is to be taken from a, the result isa—6i+c; 
for if we take only 4 from a we get a — 4; but if we sub- 
‘tract 6 we take away c too much; thus a-~ 4 is c too small; 
hence a— 4+ ¢ is the final result. 

lf we take 2a — 36 + 4c from 5a — 73 + 6c, we proceed 
very much as in compound subtraction in Arithmetic: 
and we get 3a — 46 + 2c. 

All these cases may be summarized in the following 


Rule.—Change mentally the sign of each term of the 
subtrahend (or expression to be subtracted) and add. 


EXERCISES ON CHAP. lll—SUBTRACTION. 


Exercise ll. 
A.1. From a— 6 take a + 6. , 
2. From 3a — 4y —5z take 2x —2y — 32 
3. From a take a—6—ce. 
4. From 5x + 2y—9z take —a—y-—z. 
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B. 1. From a+ y take «—y. 

2. From 2¢ — 5d — 3f take c — 2d — f. 

3. From « take « — y —z. 

4. From 3a + 24 — 4c take — 2a + 24 — 2c. 
C. 1. From c take c + d. 

2. From 3p + 8q — dr take 2p + 4q — 3r. 

3. From 5p + 4r — 3s take — 4 — 5r — 6s. 

4. From p— 2q + 3s take ap ye. 


Model Solution. 
From 7% — 2y + 3z take — 2x2 + 4y — 32, 


72% — 2y + 8z 
—2a + 4y — 82 
97 — 6y +62 Ans. 


“Exercise 12. 
Subtract twice in succession :-— 


day — Taz + 8yz from Ixy — Qe: + (yz. 


ies 
2. 3p + 4g —r from 8p —q + 9r. 
3 3. 2a—3h + 4c from 4a — 27 — 9c. 
| 4. 3pq — 2pr + 8qr from llpq — 3pr — Sgr. 
B. 1. 5a— 75 —c from 12a —- 93 —4e. 
2. 3p + 29 — 4r from 9 —5qg—6r. | 
3. day — 2a: + 3y2 from Bay + Tez — Tyz. 
4. xy —3uz + Qyz from Any — 2uz + Byz. 
C. 1. 29—3q +7 from op — 2q — +. 
2. 2a— 7} + 3c from lla— bi + 7c. 
3. 3ah + 2ac —5bc from 7ab —9ac + 11éc. 
4. 2a? + 34% —2c? from 7a2 + 972 mee OC 
XII 2 
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Model Solution. ie 
Subtract twice in succession :— tea 
5a? + 8y? — 227 from 7x? — Sy* + 62? 
72? — By? + 62? 
5a? + 8y? — 22? 


— 


227 — 8y* + 82? 
oa? + By? —. 22? 


— 3x? — lly? +102? Ans. 


Chap. IV.-EXTENDED MEANING OF THE 
SIGNS + AND —. 
§7. The signs + and —- denote operations of an opposite 
kind, viz., adding and taking away; hence they naturally 
come to be used to denote any operations or things which 
are opposite in character, or which are the reverse of one 
another. The following are important examples : —— 

(1) Income and Expenditure may be considered + and — 
additions to one’s capital. 

(2) Buying and Selling are positive and negative addi- 
tions to one’s stock. 

(3) Profit and Loss, Oredit and Debit, Births and Deaths 
are respectively positive and negative additions to 
income, or to bank account, or to population. 

(4) Going in one way is a positive movement, and going 
in the opposite way is a negative movement. 

Hence the signs + and — are often used advantageously 

in finding the net result, or balance, of a series of transac- 
fions, such as buying and selling, profit and loss, credit 
and debit. 
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Model Solution. 

A librarian has in his library 386 books on English, 412 Novels, 183 
Mathematical works and 249 works on History : he lends the first day 
73 English, 98 Novels, 24 Mathematics, ard 38 History ; next day he - 
lends 46 English, 74 Novels, 19 Mathematics and 29 History; and 
receives 57 English, 85 Novels, 31 Mathematics and 30 History ; on 
the third day he lends 59 English, 35 Novels, 12 Mathematics and 
13 History, and receives 41 English, 23 Novels, 15 Mathematics and 
16 History. What will be his stock of books in the library at the 
close of this third day ? 


English. Novels. Mathematics. History. 
+ 386 + 412 + 188 + 249 
pened fo — 98 ees | — 38 
— 46 — 74 cea? 1) ere) 
pa De + 85 Ok 2 BO 
— &9 nox eg Sse dae =— 13 
+ 41 = pee 8: rer ke #216 


( + 484 — 178), ( + 520 — 202), ( + 179 — 55), ( + 205 — 80), 
306: English, 318 Novels, 124 Mathematics, 215 History. Ans. 


Exercise 183. 
Employ the signs + and — to answer the following :— 
A. 1. A dealer bought 6 cows, 8 sheep, and 8 horses; then sold 
5 sheep and 2 cows; next bought 10 sheep and 5 horses: again 
boaght 20 cows, 5 sheep, and 9 horses; and final ly solid 10 sheep,. 
6 cows, and 8 horses. What live stock has the dealer now on 
hand ? 


2. A manofacturer hires 20 men, 30 women, and 12 boys on 
Monday : he sends away 10 men, 6 women, and 2 boys on Tnes- 
day : and again 8 women and 4 boys on Wednesday : he takes on 
17 more men, 5 more women, and 15 more boys on Thursday : 
lastly dismisses 5 men, 6 women, and 3 boys on Friday. How 
many employés does he now have at work ? 


3. Ihave on hand 9 pounds, 11 shillings, and 10 pence ; I pay 
away 4 pounds, 3 shillings, and 2 pence; I draw 20 pounds, 5 
shillings, and one penny ; I next pay away 11 pounds, 10 shillings, 
and 7 pence; I again pay away 1 pound, 1 shilling; and lastly 
draw 13 poundsand 8 pence. What is now the state of my funds ® 
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B. 1. A furniture-birer has in his shop 60 chairs, 20 cots, and 15. 
tables; he lends 18 chairs, 6 cots, and 3 tables toGne person ; and 
also 12 chairs, 4 cots, and 3 tables to another person; then he 
gets in 10 chairs, 3 cots, and 4 tables from a third customer ; he 
Jends 16 chairs, 7 cots, and 5 tables to a fourth party, and lastly 
gets in 5 chairs, 3 cots, and 7 tables. What furniture does he 
now have in his shop ? ; 

2. A bazaar man has in his store on Monday 500 measures of 
rize, 360 measures of ragi, and 400 measures of cholum; he sells 
that day 278 measures of rice, 200 of ragi, and 290 of cholum : 
on Tuesday he sells 140 measures of rice, 124 of ragi, and 90 of 
cholum : he replenishes his bazaar on Wednesday with 346 mea- 
sures of rice, 250 of ragi, and 300 of cholum, selling the same day 
130 measures of rice, 120 of ragi, and 190 of cholum: on'Tharsday 
he adds again to his store 220 measures of rice, 300 of ragi, and 
380 of cholum: and sells the same day 280 measures of rice, 390 
of ragi, and 420 of cholam. What has he in his store at the close 
of Thursday ? 

3. A general vets out on an expedition with 2000 infantry, 
800 cavalry, and 480 artillery: in the first battle he loses 50 
infantry, 20 cavalry, and 10 artillery; next followed a severe 
battle when he lost 840 infantry, 320 cavalry, and 160 artillery. 
Fresh supplies were however at hand consisting of 1200 infantry, 
500 cavalry, and 820 artillery. Sickness carried off 110 infantry, 
46 cavalry, and 28 artillery; and another battle cost him 280 
infantry, 150 cavalry, and 62 artillery. What troops has the 
general now under his comm and P 


CG. 1. There are 3 classes in a school, and the numbers at open- 
ing are class I 24, class IT 28, and class [II 33 pupils. By the 
end of the lst month there are withdrawn 4 from class I, 7 from 
class IJ, and 5 from class I{I; but there are enrolled as new 
pupils 7 in class I, 12 in class II, and 9 in class IIT: next month 
there are added 2 to class I, 5 to class II, and 3 to class III; 
while there are withdrawn 5 from class I, 6 from class II, and 
7 from class III. What are the numbers now on the roll ? 

2. A gentleman has 3 bags; one contains 100 sovereigns, 
another 80 crowns, and the third 70 shillings. He puts in 16 
sovereigns, and takes out 24 crowns, and puts in L2 shillings; 


me 
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next he takes out 39 sovereigns, puts in 17 crowns, and takes out 
30 shillings: thereafter he puts in 12 sovereigus, takes oat 30° 

_ crowns,and putsin 18 shillings; lastly he takes out 25 sovereigns,, 
14 crowns, and 39 shillings. What has he now in the bags ? 

3. A Railway train starts from a certain station with 20 first 

clase, 54 second class, ana 568 third class passengers. At the 
second station, 2 first class passengers enter and 6 leave; 
6 second class enter and 2 leave; and 82 third class enter and 
10 leave, At the 3rd station, 4 first class enter and 5 leave; 
8 second class enter and 12 leave; and 14 third class enter and 
18 leave. At the fourth station, 2 first class enter and 7 leave ; 
5 second class enter and 11 leave ; and 36 third class enter and 
47 leave. What passengers are now in the train ? 


Chap. V.-THE USE OF BRACKETS. 

$8. A pair of brackets is used in algebra to mean that 
all the terms within them are to be considered a single 
quantity ; and their use is meant to shorten algebraic ex- 
pressions. Just as in ordinary English we abbreviate the 
expression @ red colour, a blue colour, and a green colour, 
into a red, a blue, and a green colour, so in algebra we. 
abbreviate re + bc + gc into (Tot b+ oye: 

When there is only one pair of brackets in an alge- 
braical expression, and we wish to remove the brackets 
for the purpose of simplifying the whole, the following 
points must be carefully attended to :— 

(i) If + be the sign before a bracketed expression, the 
brackets may be removed without affecting the 
sign of any term within. 

(ii) If — be the sign before a bracketed expression, we 
must change the sign of each term within, if we 
remove the brackets. 


Gili) If a co-efficient be prefixed to a bracketed expression, 
it must be multiplied into each term of the quan- 
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tity if we remove the brackets ; and if the — sign 
be before the co-efficient, it will also change the 
' sign of each term of the product. 

apples, 3(a? —ah)—-2a (}—a)=3a? —3ab—2ab + 2a’ 

=da’*—5ab. 

§9. An expression often has two or more pairs of 
brackets ; the square brackets {. _—‘| are used as the out- 
side or most comprehensive brackets ; within these may be 
one or more pairs of face brackets { } ; and within 
each pair of face brackets may be one or more pairs of 
common brackets ( ) ; and within each pair of common 
brackets may be one or more vinculums 


In order to simplify such a complex expression, we 
apply the above rules for simple brackets first to the i- — 
nermost bracketed portions, removing the brackets one 
pair at a time. It is not necessary to proceed in this 
way; but it is usually more convenient. With practice 
the process may be shortened, and two or more pairs of 
brackets removed at the same time. [See Model Solution 
to Exer. 15. | 

$10. For the Insertion of Brackets we must use the 
couverse of the above rules, as follows :—- 

(i) We may put any number of terms within brackets 
and prefix the sign + without any other change, 
e.g., @ +2b— 3¢ =a + (26—3e). 

(ii) If we prefix the sign —, we must reverse the signs 
of all terms within the brackets ; engin @ a—2h+ 
3c=a— (24 —3c). 

iii) If any factor is common to two or more terms of an 

expression we may place it outside brackets and - 
remove it from each term ; 


Example—3a*} — 3a)? = 3ab x (a—6). 
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Exercise 14, 


and simplify them :— ~ 
2 5 Me 
A. 1. 2x + By + 2— (x —y— 2). 
2. 3a —9% + 30 7 5 Sb 2c). 
3. Sa—3 {3x —(4a—y) + Qy)}. 
4. in — dim — 5 { 2n —3(m—n)}. 


Remove the brackets from the following expressions | 
j 


“ee, 


2a—b + 5¢— (a —- 24 —3c), 
2. din — Sn + 6p — (3m — 2n — 4p), ey, 
8... 12a+75-—4 £35 —(Ga—9b)}. 
© 4 6a+1b =3 {45 —3a—(Qa—2)}. 


bo 
pom 


‘ fo 
'C. 1 Be+2d+ te — (2¢ — 3d — 4e). ’ | 
2. da + 7y — 92 — (3+ 5y — 22). 
3. 10a + 54 —6 { 3a — (6a —35)}. 
4. 9% + 5y—2 { 3y —6x — (3a — 2y) ie 
Model Solution. Ped 


Remove brackets and simplify 9m—Tn— ¢ Sn —4m—(8n—5m) 
Given Expression = 9m—7n— { 8n—4m— 3n+5m } 
= Im—Tn— { m+ bn} 
= 9m —'7n—m—Bn. 
= 8m—12n. Ans. 
Exercise 15. 


Remove brackets and simplify :— 
A 1 8—[8— {6—(4—3=H}]. 
2 3x — (6u — { 5a — (27 — 7 — 3x) } ]. 
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3. 6x —9y— [3x + 8y— { 5a— Llu — (4a — by 
— Te —12y) } J. 
A. Sint 6n—[5n—3m — { 4an— (B8n—2m) — (On — 
7m) } —4 £ 6n—(4m—8n) — (11m —4n) } |. 


lL 1LL—[6— {8— (5— 12 — 4) } J. 
2. 6a—[8a— { 3a— (7a — 1la — 6a) } |. 
3. 9a— 7 —[5a + 6b — { 3a — 44 — (6a — 8b 
— 10a — 7?) } J. 
4. lla + 8y—[6a + 5y— {3a + 4y—(2a—dy) 
—(40—By) } —3 { 8x—lly—(14a—6y)—(9a—4y} } I. 


C40 16 be eae, 
«2. 5m—[9m — £ 6m — (8m — 8m — 2m) } J. 
3. 8m— 6n— [4in — 2n — { 7m + 5n — (11m — 4m 
— 6m ++ 4n) } ]. 
4. 7Fa+5b—[3a+2b— { 5a—(8a—46) — (4a—20) Ff 
—5 {3b—(2a—56) —(6a—94) } |. 


Model Solution. 
Remove brackets from and simplify :— 
9m +'7n—[6n + 38m— { 6m —(3m + 7n)— (4n—8m) } —3 { 9n—(8) 
—3m)—(5m—2n) } |. 

Given Expn. 

= 9m + 7n — [6n + 3m — {6m — 8m+ 7n—4n ae 
— 3 £9n— 8n + 8m — 5m + 2n f ] 

= 9m + 7n —[6n + 38m— {11m+38n} —3 f —2m + 8n } J. 
= 9m + In — [ 6n + 3m-— 1]m — 3n + 6m — 9n | 
= 9m + Tn — [— 2m — 6n | 
== 9m + Tn + 2m + Gn 
==llm+18n. Ans. 
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Chap. VI.—-MULTIPLICATION. 
§1l. Multiplication of Monomials. 


Under definitions it has been explained that the pro- 
duct of unlike quantities such as a and 6 is denoted in 
algebra by writing them together without any signs, thus 
ab. Also it follows from the definition of power or indea 
that, when like quantities are to be multiplied, we simply 
add the indices: for a? =aaa, and a®* = aaaaa; hence 
a® X a® =aaa X aaaaa=— a? (by def.). 


Numerical Co-efficients are multiplied as in arithmetic: 
Example.—7a?*b* x 6a5b3 = 42a5 b°. 


Literal Co-efficients cannot be combined in this way ex- 
cept when they are the same letter. Thus 7aa%* x 3ax* = 
Sia*a*: but 70x? «K Slake= 2laba* 


For Signs, the product of two quantities with lzke signs: 

is +, but with unlike signs is —. 
Thus—2a? x ( — 3a°) = + 62°; 
- but + 2a? x (— 3a?) = — 625. 

The reason of the fact that — into — gives + is simple. 
The sign — may be called the symbol of reversal; now 
if a thing or action is twice reversed, it is of necessity res- 
tored to the original or unreversed condition. 

Obs. m+ m-+m-+m=4m; 
but m * m X m X m= 1*. 
Exercise 16. 

Maultiply— 

A.1. 3ax? by 2ha3 ; 4a*y> by — 3x5 y* 5 and — 6a*ba7y 

by — 4a? b3a*y*. 


2. 4pq? — dp?q + Spq by 6p*q'. 
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& 


3a° he — 2ab*¢ — 4ahe? — 6a’b*c* by — Bake. 
fh aad e? Bay? 2 4 7a" yz — L8aye by BaF yz8. 


Bl. 4p?a* by 3pa ; duty? by —aty*; and — 8a? a2 
by —- 542/343. 


2. 26x? — 3c%y + 4az3 by —3a?bco? wy? z. 
3. 5a? ay? — 3ax2y — Zaaxy + 4a?x*y? by — Casa’ y. 


4. —Qpq%a8z + Sp2qay? — 3p°q? x? 2° — pz? ys by 
4% quy* z. 


C. 1. . day? by 9x ey* ; 6p? asy by -— 2px?y® ; and 
— Ta*bay* by — hash? yy? , 
2. 6aa* — 7h2y8 — 3¢8 x2 by — aba? yz3, 
2pq° x — 3p* qu® — 439243 by 5p*%ga?. 
4. Aa* bay? — 0a? x? y — Qaba? y2 —3a?h2_? ys 
by — 6a8h5q%y2, 


A) 


Model Solution. 
Multiply : da% ba? y2 — 8ab>ay* + 7a2b2g ys by — 4athta3y5, 
5a bay 2 2 Sa 34b* wy 4 + Za*brasys 
— 4a*bta ys, 
2007 bo aSy7 12a°b' ay? — 28a%b%e%y19, Ang. 
§ 12. Multiplication of Polynomials. 
lf the multiplier and multiplicand each consist of seve- 
ral terms, then the product is the sum of the separate 
products of each term of the multiplicand by each term of 
the multiplier. Thus p(a—4 + ¢)=pa —pb + pe: 
and { p—g) (a—8 +c) = (p~@).a—( pag) ht(p—g)e 
—~ Pa—qa =~ pb + gb + pe — ge. 
The General Rule for Multiplication may be summed 
up as follows :— 


Arrange multiplicand and multiplier both according to as- 
cending, or both accordé ng to descending, powers of the leading 
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letter ; place the multiplier at the left-hand under the mulic- 
plicand, and work from left to right ; now multiply each term 
of the multiplicand in succession by each term of the multe- 
plier according to the rules given above for monomials ; 
arrange like quantities in the same vertical columns and add. — 


Exercise 17. 
Multiply—~ 
A.V. 20+ 3 by 3a +7: and 4a + 6 by 52 — 3. 
2. 4a* —3a + 5 by 2a + 3.— 
3. 3x? — 2x'+ 9 by 5a +54 
4. 4° —2a? #32 —1 by 24. | 


ce. 
B. 1 3x+5by 4a +6: and 7 +3 by Qa— 4. 
Y 2 by? —2y+ 7 by dy—2. wee 
73. 7y? — 6y + 8 by 2y + 3. 

4. 2p? —3p? + 2p —1 by 4p — 6. 


1. 3y+ 8 by 2y + 5: and 4y + 6 by 5y — 7. 
2. Qu? — Qe + 9 by 4a — 3. 

3. 2p? —8p + 7 by 6p + 4. 

4. 3a%* — 4a? —5a+ 2 by 2a — 7. 


Model Solution. 
Multiply 5° —- 3”? + 62 —7 by 3r + 8— 
5a? — Ba? + 62 --7 
32 +8 
‘1524 — 90% + 1822 — 2x ie 
+ 4023 — 24a? + 48x — 56 
150+ + 310% — 6a? + 272 —56. Ans. 
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Exercise 18, 
Multiply — : . 
A. 1. «*? +4—1 by 2? —2x 4 1. 
/ 2. 6x? —%xr+8 by 32° —4a+ 5 
3. y? —3y + 2 by y® — By? $2 
4. x? + Axy + 5y*? by x? — Say — 2y”. 


— 


f B de p + 29 —r by p—q + Br. 
ie a + 26+ ¢ by a+ 2h + 8c. 


ate Bt ant '— Bm? + 3m — 1 by m’ + 3m +1. 


- 4 ae ee by Bert Sieh wes 
can = 
Cc: 1. We Ba2 +: i er ane A 8 
2. (Bp? p + 2 by L + dp + p?. 
BB! @ = 20%s + Bab? + 46° by o¢ — 208 — 35°. 
pe a 74." .6y? — ty + 2 by y? + Qy + 3. 


Modet Sohubiott 
Multiply 7? —Qay + 10y2 by 3u2 + og 
7u° —9xy + 10y? 
3a? + 2xy—3y? 
212+ —27a8 y + 80x? y? 
+ 140% y —18a?y? + 20a73 
— 21a? y? + 27ay3 — 80y4 


210+ —130%y— 9u?y? + 472y23—380y*. Ans. 


Exercise 19. 
Multiply— 
A. 1. a? + 4a + 15 by a® — 4a + 1. 
2. 6y? —7y + 2 by y* + Qy + 3. 
3. dy? a Ty? — Sy + 1 by Qy?’ — 3y4 9. 
4. a® + a} + ab? + 83 by a? —ab + 32. 


an ee ee 


€HAP. VI.| ~ MULTIPLICATION. 29 


B. 1. 3a? —2ah + 44 by a? —7ab + 362. 
2. 1+ y+ dy? + 8y? by 1 + 4y + Sy?. 
3. 8x? — 4u?y + Tay? + Oy? by 2a? + Buy — 4y?. 
4. y? + ay’ —by + € by y? — ay —2. 
C. 1. 2y% —5y*® + 4y— 1 by 3y? —y + 2. 
2. 9+ 7a + 5a? + 8a? by 4+ 5a—6a?. 
3. 9at — 7a + 5u* — 3x + 4by 3a3+ 8x2 
4. 23 —az® + bz—c by 2? —az+3.f 


- Model Solution. 
30% —40°y + d5x0y? —y> 


22? --3xy —4y? 
S605 —8n+y + JOx yy? — 2u7y8 


5 , —~—., —s 
; 9 Y S. aX. 
— 12034? + 26n2y> — 20ry* + 4y5 


+9x*y — 12x03 y? + 15x?%y? — 8xy* 


6x> + vty — 14a3y? + 29024? — 2ayt+4y5 Ans. 


£13. Product of Homogeneous Expressions. 

If multiplicand and multiplier be each a homogeneous 
expression, their product will also be homogene- 
ous, and its dimensions will be equal to the sum 
of the dimensions of the multiplicand and multi- 
plier. 

There is no more important law in all Algebra than this 
Law of Homogeneity. For example, (a* + 2a3 + b?)x 
(a? + a7h + ab? + 6°) =a® + 3ath + 40352 + 40253 + 
3ab*+6°, Here the multiplier is a homogeneous expres- 
sion of two dimensions, the multiplicand one of three 
dimensions ; and the product one of five dimensions. It 
is Clear that this must be the case, because, at each little 
step of the process, we multiply a term of the second 
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degree by one of the third degree ; hence gach of the 
partial products is a term of the fifth degtte. 

As the terms will be homogeneous for each step in the 
process, we have a ready check on the accuracy of our 
work by noting this carefully. : 


Exercise 20. 
Find the continued product of the following :— 
A.l. (a+6) (a+c) (a+ ad). 
2. (3a + 4y) (2x + By) (5a + Sy). 
3. (9a — 3h) (4a + 76) (3a — 5h) (24 —- 42). 
4. (a* + ax + x) (a® —aa + a*) (a — 4%), 


de (@ + y) (@ + 2) (w+ p). 

2. (4a + 6c) (5a -+ 7e) (6a + 20). 

3. (Sx + by) (9% —3y) (2a — 4y, (Ba + 5y). 
4. (aw + cy) (ac + ay) (aa — cy) (ac — ay). 


¢ 


C. 1. (m+n) (m + p) (m + Q). 
2. (6% — dy) (5a — 4y) (Ba — Ty). 
8. (Ba -- 46) (5a + 65) (2a — 34) (4a — 33). 
4. (3 + x) (4+ 2) (6—2) (6—a). 


Model Solution. Ps 
find the continued product of — 
(Se — by) (4% — 3y) (8a — 2y) (4a — 5y). 


ist. Product of 5%-—6y & 4a-—3y. 2nd. Product of 8a—2y & 4a—5y. 


5a—by 8a—-2y 
42—3y 4a0——5y 
200° —24a0y 32%2—8xy 
—Loxy + 184? —-40ay + 10y? 


20x2—389xy + 18y % 322°—48ry + 1077 
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Now multiply these two results together. 
20x? —-- 39axy + 18y? 
3207 — 48ay + 10y? 


6402+ — 124803 + 5760272 
— 960«*y + 187202? — 864ay? 
+ 200074? —- 3890ay? + 18014 


640x* — 2208054 + 2648027? — 1254ay? + 180y* Ans. 


§ 14. Multiplication with fractional co-efficients. 


It the co-efficients of any terms are fractional, we use: 
the ordinary process: and multiply the fractional 
co-efficients by the rules of Arithmetic. 


It is to be noted that the order of multiplication is of no 
moment: hence, if need be, we may turn multiplicand 
into multiplier in any case. 


Exercise 21. 

— Maultiply— 
tae” — gay + 5y° by ga + ay. 
Boa gp 4 by Sp ee 

3. 3m? — zmn + 3n® by 4m — 2n., 
4 


B. 1. ta? — qa) + 5b? by 3a — 36. 
ade i, gellas 1,2 2 3 

; iS au qty + 3a” by Fy — da. 

ie Be a te Dot 
3B. 3p 6PY + 399° by sp — 3q. 
. 4.~ gu” —ta+} by de— 1. 


1. gm* — imn + 4n*? by din — 2n. 
2. gu? — Say + dy” by 3x — Sy. 
3. fa* + fab — ib? by 4a — 13. 
4. ap* — gpq + 49° by ip —3¢. 


————__ 
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Model Solution. 


Multiply 3a% — jab+4b? by 4a -—— 4b oo 
fa> —iab + ib? 
L S 
ab, * 
1G. eS 1 ab? 
ef ret b + sab 


— hab + fab? — 4b? 


8 92 ey ames © 
ga° — %a?b + 13ab +b? Ans. 


Chap. VII—DIVISION. 


§ 15. As this is the converse operation:to Multiplica-_ 
‘tion, all the methods for Division will be the converse of - 
those for Multiplication. 


The process for Monomials. Divide numerical co-effj- 
cients as in arithmetic; and, to divide like literal 
quantities, subtract the index of the divisor from that , 
of the dividend ; the sign of the quotient is + or — 
according as signs of the terms are like or unlike. 
Hxamples 
124" + 3a? = 4a*; 15a5b2e¢ + (—BSabc) = 3a2b. 

§ 16. Division of Polynomials. The method may be 
summarised thus :—Arrange the divisor and dividend each 
according to ascending, or descending, powers of some leading 
letter ; then divide the first (that is left-hand) term of the 
dividend by the first term of the divisor, and set this down as 
the first term of the quotient ; multiply each term of the divi- 
sor by this, set down the product under the dividend and 
subtract as in arithmetic ; now take down one or more terms 
of the dividend as may be necessary, and proceed in this way 
wll all the terms of the dividend have in succession been 
taken down. 
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Mw 


§ 17. The Law of Homogeneity. This is of equal im- 
portance in division as in multiplication. It is as fol- 
lows :—If dividend and divisor be each homogeneous, 
so is the quotient: and its dimensions = the difference 
between the dimensions of dividend and divisor. 

Hxample: (a* — 2a7h? + 24) + (@ — b) = a3 + g2p 
—- ah* — b, that is, a homogeneous quantity of 4th degree 
divided by one of the first degree gives a homogeneous 
quotient of the 3rd degree. 

§ 18. Arrangement in Division. When we have a 
long divisor and dividend it is better to put the divisor on 
the right hand, (and not on the left as in arithmetic,) with 
the quotient under the divisor, separated from it by a line. 
There is less risk of making a shp of sign, &e., in carrying 
the eye from the new term of the quotient to each term of 
the divisor, as we perform the steps of multiplication. 

The arrangement takes this Shape :— 


Dividend | Gar 
Exercise 22. 
Divide— 
A. 1. 54a3a> by 18aa5; and B4aleyt by — 1742 y%, 
2. 1547 — 2008 + 1025 by 5 a. 
3. 62° + 19%? — 2a — 3y by 2a + 5, 
5 & 12a?e + 24a*y + Warsz + Gaba + l8aby + 2latz 
by 4a + 34. 


1. 60ac%x*® by 12ca*; and — 427407 y° by 14bcy?. 
2... 16y’ — 24y° — 28y5 by yt. 

3. 2ly4 — 40y3 + 4392 — 36y by 3y — 4. 

4 


- Barge + 24a? 2? y + 24aay? + 8y° by 2ax + 2y. 
XII 3 


34 ALGEBRA. (CHAP. VIE. 


C. 1. 2lutb2a9 by 7a°a®; and — 12a%b?a8 by 6a%2°. 
2. 48a6 — 42a + 36a4 by 623, oe 
3. 12m+ — 29m3 + 27m?.— 20m by 8m —5 
4. 


Model Solutions. 
L. 27a7b3a’? +B8atba* =9a*b2a*, 


9, — 28> + 20nt — 24e> + B60? + — 40? = Ba — 5n* + O2—-D. © 


3. 280° — 69r* + 670% — 68a? + 2le + 4a — 7. 
4a—7 


7a* ba? + On8—San 


2875 —690* +6723 —68x? + 21a ( 


2825 —49x* 
—20x+ +6723 
—20x* + 3523 
8203 —68x" 
322° —56x" 
—120? +214 
—12x° +21a 


Ans. 72‘ —5a? +82? — 3x. 


Exercise 23. 
Divide— 


AG le uae te! Ta? + da + 1 by a? +e + 1. | 


2. 


aty — wy* + y° by x — 2ay + y”. 


aaa + 4a — 3. 
4. a 34? + % by a + 2¢ — i. 


6a3a3 — 18a2x2z + 18axz? — 62° by 3a -—- ra. 


€) 


3. a 1748 + 3405 — 40a* + 200? + 3a? — 24a 


B. 1. Gad + Sat 25u® + 3la? —13e + Bby 2a? 3a 


2. a} + Batb + 4a%b? + 4a%h® he Balt “1 6° Lae 


by a? + 2ab + 6?. 

3. 12a8— Sal + 6aS ja? # 52a + Gla — 340? 
+ 14x — 4 by 30% — 2x? +°6a — 4 

4. a4 + at by $a? — Saw + Ga’. 
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OC. -Tx. Bat cones Y + 24x? y° — Bday 3+ 1244 by 
— lay + By?. 
> as oe g° + 3p°q° + 2pq* + 9° by 
Po pe + a" 
3. 15a8—44de7 + 7996 .— 875 + 4274 + Q27¢3 -— 87 x* 
+ 70a — 36 a ek. + 6a — 4, 


9 9.4 Bp h ih Band Beg a be ee 
4. Zut —3aa8 + 1g 2a* by 3a gout 3a". 


Model Solution. 
Divide 34° — 44 + 1ig3 — “Pa? —839 +27 by ta2% —2+3. 


2 
p a? —a¢+3 
ge —4at + Figs _ 4392 — apa + 27 a 
xs — 5a2 +4249 

$a — 34 + 4% 

Fad Srl A Rete rea 3 

5 yt 4. ki |e. 2 
meek oth Siz She —a 


Toa? — 38a 497 
go? _ 9a + 27 


Ans. $c? —52°4 in +9, 
Exercise 24. 
Find the remainder after dividing — 
A. 1. 743+ 9+ 962? — 27% by 7x — 2. 


e 2.2164 94% — 852 + Vac by 3a + Ve, 
3 te 14a — 38a? + 15a* by 2 — 4a — 5a?. 
4, _ ot — Baka — Saa8 + lyt 4 a3 30° 4 by 
1g? - Dm -- oy? , 


B.1. 10— 132? + 1002 — x by 3+. 252. 
2. 12a? + 13 — 12ae — 36c? by 4a — 9c. 
3. 9x? — 64% —Yr 4+ 4+ v.— 5a* by x? — 3a + 2. 
4 Yat + $+4+a—4¢? — 7a by 3a*— 1g 2 
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8 — Lay — 15y? + 96x? by 12% —5y. 

36 + 6a? — 30a by 2a — 7. ee 

343 — Qe + 3a? —2—4a* + a by x* — w— 2. 
36x? — day + 4 — 5ay + 2y® by 6% — gy — =. 


pw ps 


Model Solution. 
Find the remainder after dividing 42° + s;ay?+3u° by 3@+ 2y- 
4a + 4Y 
3 2 5 
ge? + ggey” + GY (Et. teers 
gu" — 3ty + sy 
je? + 4ety 
— gery + geay” 
—onry — pay” 


say® or y7y* 
Remr. 3-y*. Ans. 
§ 19. Non-terminating Quotients. 
There frequently arise cases of division in algebra where 
the quotient, is non-terminating, just as in arithmetic the 
quotient may be a non-terminating decimal. 


Exercise 25. 
Divide to four terms in the quotient— 
lL. by a+ @. 
2. a by #% + b. 
3. E+ aby l—a2+ 2’. 
4. atbbyab+ lI. 


Lied by a +e: 

2. a—l by a + L. 
3. 22 + Eby # + I. 
4 1+ 2y by 1 — dy. 
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Cc. 1. a+2xby a® + 23. 
2. «+1 by a? —1. 
3. y8 by 1—y*. 
4. 1+ 2? by 1 —xz. 


Model Solution. 
Divide to four terms in the quotient az? by a?a*—a®ax+a*. 
a7? a? a7 4 + a* 


ax? 1 1 a 2 
eh a ge we AS 

a? 

an? — a2 4- -— 
a 
ee 
x 

3 4 

a2 vad oe 

G * x23 

as as a* 

L at 3 


Chap. VII.—MULTIPLICATION AT SIGHT. 

§ 20. It is of the very greatest importance for the 
student to be able to write down at once, without going 
through all the steps, the product of certain forms of 
algebraic expressions. These we shall now consider. 


§ 21. The product of two binomials of the form 
(x+a) and (x+b) is x? +(a4 b) x + ab. 
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Here we see that— bias 
(1) the product of two binomial factors consists of 
three terms ; 
(2) the first term of the product is the square of the 
first term of each factor ; 
(3) the co-efficient of the second term ofthe product 
is the sum of the second terms of the factors ; 
(4) the last term is the product of the second terms: 
of the factors. 
If @ or bor both have the -- sign, then by ordinary 
multiplication we get. 
(x+a) (x— D) = b) x —-ab 
and (x — a) (kK —b) = x7— (a+b) x+ab. 
Here we see that the same four laws hold good for the 
formation of the product ; attention being paid to the stqus 
of &@ and b. 


Hxamples : 


(a + 5y) (a — ey) = 2* + 3ya — 10y?. 
§ 22. Consider the product of three binomials of the form 
(+ a), (K+ bd), and (x +e). 
By ordinary multiplication and the use of brackets, we: 
find it to be— 
x3+(a+b+e) x2+(ab+ac+ be) x+ abe. 
Here we see that— 
(1) the number of terms in the product is one more 
than the number of factors ; 
(2) the first term is the cube of the first term of the 
factors ; 
(3) the co-efficient of the second term is the sum of 
the second terms of all the factors ; 
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(4) the co-efficient of the third term is the sum of 

7 the products of the second terms of the factors 
taken two and two every possible way ; 

(5) the last term is the product of all the second 
terms of the factors. 

Novrr.—lf the sign of a, b, or ¢, be —, we have only to 
change the sign or signs accordingly in the 
product ; thus 

the product of (x + a) (x—b)(x—e) is 
x3 + (a—b--c) x2 + (--ab—ac + be) x +abe, 

{t is clear that the laws of formation of the product are 
the same for two factors as for three factors; and that 
we must pay attention to the signs. 

Examples: 1. (@*+ 2a) (a + 3a) a+ 4a) = a° + (2a + 3a 

+ 4a) «* + (6a*% + 8a? + 120%) a4 Q4a* 
= #* + Yaa? + 26u22 + 2408. 

2. (a + 7a) (w—2a) (a—8a) = a® + (Va—2a 
— 3a)a? + (— l4a?—2Zla? + 6a* } a+42a° 
=a + 2auv? — 29a?a + 424°. 

With a little practice the student may do the additions 
and subtractions of the first step mentally and write down 
the product at once. It is most valuable that facility 
should be early acquired with these operations. 

|The student will learn afterwards that these laws hold 
good for any number of binomial factors: but at present 
he need not go beyond three factors. | 

§ 23. Consider the product of (a+ b) and (a—b). Itis 
a” — b2.° Hence the product of the sum and difference of two 
quantities is the difference of their squares, 

This is a particular case of the formula in § 21 given 
above ; and it is of the greatest use in algebra. 
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Heamples: 1. (3a — 4b) (3a + 4b) = 9at 1652. 
2. (1 + x) (L— 2) = 1 -—-x?. 

Nore,—A useful result derived from this is— 
(a2+ab+b2) (a2—ab+b2)=(a2 + b2)2 --a2b2=94 + a2b2 + b4 
Huample: (a? +4 + 1) (a? —a%+.1) =a + 2? + 1. 

§ 24. Another particular case and no less important is 
(a+b)? =a7%+ p24 Zab. 
(a —b)? = a2 + b2 — aap. 
Hence :—The square of the sum of two quantities is equal to 
the sum of the squares of the quantities, together with twice 
their product. ee: 


§ 25. Again by simple multiplication, or by the methods 
given above, we have— 
(at+bt+ c)2=a2 + b2 + @2 + Bab + 2ace + 2be. 
(a—b— ce) =a2 + b2 + e2 — 2ab — Zac + 2be. 
The square of the sum of several quantities is equal to the sum 


of the squares of each of the quantities, together with twice 
their product taken two and two every possible way. 


Haamples— 
1. (2a+3y+ 42)? =4x? + Oy? + 162? + 12ay + 16x24 Q4eye. 
2. (2e+3y—4:)? = 4x? + 9y? + 16.2? + 122y—16y2—24yz. 


§ 26. Lastly, we have another important case :— 
(a+b)? =a3 + b3 + Bab (a +b). 
(a —b)?=a3 — b3 — 3ab (a —b). 
The cube of the sum of two quantities is equal to the sum of 


the cubes of the quantities, together with three times their 
sum into their product. 


CHAP. VIII. | MULTIPLICATION AT SIGHT.’ 4} 


Hxamples— 
1. (2% + 3y)* = 8x3 + 2ys + 18ay (2x + 3y) 
= 8x + 27y% + 36u2y + d4ay?. 
2. (4m — 5n)* = 64m? — 125n* — 60mn (4m — dn) 
= 64m 3 — 125n* — 240m2n+300mn?. 


§ 27. It is to be carefully noted that all the above 
results are quite general, that is true for all values of 
a,b,c; and they are often useful also in arithmetic. 

— Hauamples— 

lL. 998% =(1000—2)? =1000000+ 4—4000=996004. 

2. 998x 1002=(1000—2) (1000+ 2)=1000000 —4=999996. 

3. (ath+e3=(at5)8+8+3(atZ)c(ats+c) 

=a>+65+3ab(ats)+c% +3c(atb)2 +3c2(at+é) 

=a3+b?+3a2) + 3ab2+ 3+ 3a2e+ 332¢+ 6abct 3ac? +3be?. 

or =a +43 + 3 +3074 + 3ab? + 8a2c+ 3ac? + 3h2ct3be2+6abe. 

or =a? + b3+c® +3ab(a+ 6)+ 8ac(a+c)+3bce(6+c)+6abc. 


EXAMPLES ON CHAP. VIII. 
Multiplication at Sight. 

Exercise 26. 

Write down the product of — 

A. 1. (%+11) (w+ 9); also of (a — 6) (x + 4). 
(@ + 3a) (% + 2b) (a + 20). 
(y + 2m) (y— 3m) (y —- 4m). 
(a — 7) (w—8) (a— 9). 


P ow 


(x + 6) (% + 8); also of (a + 3) (x — 10). 
(a + 4m) (x + 2m) (a + 6m). 

(y + 3p) y— Tp) (y — 4p). 

(s-— 2a) (s — 2b) (s — 2c). 


Po Ne 


¢ 
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(y + 4) (y + 8); also of (y + 6)(y — 11). 
(p + 29) (p + 37) (p + 4s). wre 

(w — c) (w— 7c) (a — 4c). 

(a — 5) (a + 6) (a—7). 


po toe 


Model Solution. 
Write down the product of (8a + 4y) (ce — 6y) (3a + 5y). 
By Formula, the product 
= (8a) + (4y — By + 5y) (8x)? + £ 4y x (— By) + 4yx By 
+ (— 6y) x 5y $ x 8a + (4y) x (—6y) (Sy) 
= 27° + 8y x Oa? + (— 24y? + 20y? —- 80y2) x Bx —- 120y* 
= 270° + 27a%y -— 10202 — 1203. Ans. 


Exercise 27. 
_ Write down the product of — . 
A. 1. (3a + 5y)* ; also of (4a —Ty)*. 
2. (Sy — 9) (5y + 9); also of (2a — 3z) (Qa + 32). 
3. (1,+,2% + 3a?) ; also of (1 — 2a — 32”)?. 
4. (%* + ayy?) (x? —2y + yf”). 


B. 1. (4a + 34)? ; also of (8m — 5n)?. 
2. (6a — 104) (6a + 106); also of (By — 4c) (By + 4c). 
3. (1 + y + 2y*)?; also of (1 — y— 2y?)?. 
4: (a? — ab +67) (a? + ab +167). 

C. 1. (dy + 3x)? ; also of (8a —4b)?. 
2. (8% — 4y) (Ba + 4y); also of (5p — 2q) (5p + 2g). 
3. (a2 + 3a + 2)? ; also of (8a? — 3a — 1)?. 
4. (a? + a+ )) (a? —a + 1). 


: 
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Model Solution. 


Write down the product of 


(a? —4a+4) x(a? +4a—-3). 


By Formula this is=a* — (41 — 4)? =a* — Ja? +4a—4. Ans. 


Exercise 28. 


Write down the product of — 
A. 1. (2x + 3y)® 3 also of (Ba — Yy)5. 


2. 


(8m + 42) (9m? — 12mn + 16n?) ; also of 
(1 +m) (m* — m + 1). 

(a* — ab) (a* + a®b + a*b*); also of 
(Pel p® + pq +29"). 

(x® + y?) (et —w?y* + y*); also of 
ee ny tae ty? aes), 


(4a + 2b)%; also of (2a — 8c). 

(Sa + 3y) (25x? — lday + 9y?); also of 
(a—!}!) (a* +a+ 1). - 

(m* — p) (m4 + m*p + p*); also of 
(3¢ — 2d) (9c? + Bed + 4d*). 

(a? + 4b*) (at —4a’*b* + 166*); also of 
Pa) hp, & Dp). 


(5a + 3u)*; also of (Sy — 4)*. 

(2p + 5q) (4p* — 10pq + 259%) ; also of 
(3p — 1) (9p? + 3p + 1). 

(Ax? —3) (16a* + 12x? + 9); also of 
(By? + 2) (9y* — By? + 4). 

(2 + y*) (4— 2y? + y*); also of 
(m? — 1) (m* + m? + 1). 
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Model Solution. 
Write down the product of — 
(a? — sab) (a® + 8ab) (a® + 9a%b? + 81ath*) 
This is = (a* — 9a2b?) (a® + 9a%b? + 8la*b*) 
which is an example of the form (a — b) (a? + ab+ b?) 


= 


where aa‘, and b =9a?b?, 
Hence product = a? — b? =(a*)? — (9a?b?)3 
=a!2 — 7z9u%b®, Ans. 


Chap. IX.—DIVISION AT SIGHT. 


§ 28. Itis obvious that the results we have given above 
for Multiplication at Sight may also be used for Division at 
Sight. 


Product + Multiplier = Multiplicand. 
Product + Multiplicand = Multiplier. 
Hence we have— 
GQ) (a + (a+ b) e+ ab) +(e@+a)=2 +45. 
(ii) (#® + (a —b) x—ab) + (a —b) =2 +a. 
Gili) (#? —(a + b)« + ab) + (wa—a) = 2 —2. 
(iv) (%* —(a+ b)u+ ab) + (x—b) = x —a. 
CV) (a? 9") = (ey) Sey, 
(x —y*)+(e@+ty)=a—y, 
(Vi) (a? + Qay + y?) + (a+ y—at y. 
(vii) (a* — xy + y?) + (@—y) =a — Y. 
These results are of constant use in algebra. 
§ 29. Important results in Division of Binomials. 
I. By ordinary division we find— 
(x — y®) = (aw — y) = a® + ay + y?®. 
(a* — y*) + (—y) = 8 + wty + ay? + y3, 
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Now if any number of such divisions be tried, the 
student will find that the following laws always hold :— 


Gi) If the divisor is of the form X—y while the 
dividend is of the form X*— y*, where N is any integer 
odd or even, the quotient comes without any remainder. 


(ii) AJl terms of the quotient are positive. 


(iii) The quotient is a homogeneous quantity of n—1 . 
dimensions, the power of X decreasing by unity and that 
of y increasing by unity in each new term. 


II. Similarly, it will be found by ordinary division, that 
(at — y4) + (w+ y) = 2 — ary + ay? — yf. 
(a8 — 6) + (@ + y= at —ady + vty? — ay? + 
2y° 
And any nurber of such divisions will always be found 
to obey the following laws :— 


(i) An expression of the form x*—y* is exactly 
divisible by ¥ + y only if 0 is an even integer. 


(ii) Theterms of the quotient are alternately + and —. 


(iii) The quotient is a homogeneous one of n—1 
dimensions, the powers of X and y following the same 
law as in the last case. 


III. In like manner we find by division that— 


(a? + y?) + (a + y) = a* —ay ty’. 
(a* + yt) + (a+ y) =a? — ay + ay? —y? + 
y y 
i ate 


ety 
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Here we see that ; 
(i) Any expression of the form xt y" is exactly 
divisible by ¥+ y only if 0 is an odd integer ; 
(ii) The terms of the quotient, as in last case, are + 
and — alternately. 
IV. lastly we find by division that 
2y? 
ee: 


(0 + y*) + (w@—y) =a? + ay ty? + 


2y* 
pels = ae ; pay] 32 >» 9 = a PE 
(at + y!)+(~— y)=2 + ary + wy? + y8 + “a 
Here we see that 


Gi) An expression of the form X*+y" is never 
exactly divisible by xX —y, but always leaves a remainder 


f ay” 
ot the form Aealip 


a“ 


(i) The terms of the quotient are all +. 

These results in division are of such importance that 
we shall give them summed up briefly, as follows :— 

I. xa— yn is always divisible exactly by X —y, if u 
18 any integer ; and all terms of the quotient are +. 

II. xn—yn is exactly divisible by X+Y only if n is 
an even integer ; and the terms of the quotient: are alter- 
nately + and —. 

Itf. x" + y is exactly divisible by X+Y only if n is 
an odd integer; and the terms of the quotient are alter- 
nately + and —, 

IV. x"+y is never exactly divisible by X~—y [but 


sate Jy” 
always leaves a remainder + Eee ; 


* 


* 
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EXAMPLES ON CHAP. IX. 
Division at Sight. 
Exercise 29. a 


Write down the quotient of— 
A. 1. 9a? — 432 by 3a — 25; 16a* — 9y? by 4a? + 3y. 


2. p* — l6by p> — 2p? +4p — 8; and 3a° — yy by 
2 1 1 Let 
3. ee es Ea ya PY he 


4. 81m* — 256n* by 3m— 4m. 


J 
% 4 @ 


B. 1. 8la? — 36y* by 9a + 6y? ; and 25m* — 49n® by 
5m? — Tn. . 
] | ae | 
1,1 + .. 
le ay! 
1 1 1 l 
3. m* —— p* by m*? —p?*; and a6 fey a as 


4. l6ata* — 8lb*y* by 2ax — dby. 


2. a —8l by at —Byand 5 + 


C. 1. 4m? —9n* by 2m + 3n? ; and 36a% — 256% by 
6a® — 562. 
2. «x* —16y* by x— 2y; and p* — 16q* 
by p* — 2p?q + 4pq? — 89°. 
3. m'*—81n'* by m* — 3n*; and a?® + b** by 
a” + 0". . 
A. pp? —1 by p? —1; and x + y?” by a + y*.- 
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Model Solution. 
Write down the quotient of a& — 646 by a? #©"Zab + 4b2. 
By Formula a® — 64b° = (a* — 8b3) (a> + 8b*) 
=(a — 2b)x(a* + 2ab + 4b2)x(a? + 8b3) 
Hence (a° — 64b°) + (a? + Qab + 4b?) = (a — 2b) x(a? + 803) 
=a*t—2a*b + 8ab* — 16b*. Ans. 


Exercise 30. 
Write down by inspection the quotient of — 
A. 1. 16a* + 36x2%y2 + Sly* by 4a? + Bay + Dy?. 
Pen 7 Ad Say —3ub+1bya+ti41. & 
3. m+ m+ 1 by mt—m? + 1, 
Se mm +.m*+ 1 bym!t—m? +1, 


a* + 4a2b2 + 163* by a? —Qab + 482. 


B. 1 
2. a? + 8y? + 1— 6ey by w + Qy + 1. 
3. 16a* + 4a? + 1 by 4a2 + 2a + 1. 
4. x® + m® + a3b® — 3abme by «+ m + ab. 
Cc. 256p* + 144p*%q? + 819* by 16p? — L2pq + 9q?. 


1 

2. a + y® — Bay + 8 bye + y + 2. 

3. Slat + 9a? + 1 by 9a2 — 8a + |. 

4 a? —y3 + 2723 + Oay2 by B= Yt Be. 


——— 


Model Solution. 
Write down the quotient of-— 
8p° + 2793 + 64m> —72p2qm by 2p2 + 3q + 4m. 
This is an example of the Formula _ 


x3 ,y5.23_3gxyz_ _2 _2 eee eke 
ae ee =x "+ Y° 42 xy —XZ—yz 

where X=2p*, y=3q2, and z=4m. 
Bence quotient=(2p?)? +(8q)° +(4m)?—(2p? )(3q)—(2p2 \4m)--(3q)(4m) 
4p* + 9q° + 16m? —6p2q — 8p2m — 12qm. Ans. 
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§30. It is of the utmost importance in algebra that 
the student should learn to resoive a complex expression. 
into its simple component factors and to be able to detect 
readily whether it is resolvable or not. For this purpose 
the rules of Multiplication and Division at Sight, as 
given above, are of the greatest use. 

§31. If we see by inspection that each of the terms 
of an expression contains a common factor, we get at once 
a factor of the whole expression, which we may place out- 
side a bracket thus :— 

ax + bx + ex =x(a+b + @). 


Exercise 3l. 


Resolve into factors— 


A. 1. 3x”? — Lda. B. 1. 4a? — 12a', 
2. 4m* — 16m? — 8m. 2. 9a? — 18x* + 2728. 
3- 9a — 3a® + 24a’. 3. 10p8 + Lip* — 20p%. 


4. 5a%a?—lda8at+ 25ata., 4 6abx? +120844-189*46, 
645 — 1807, 

da® — 12a* + 21a%, 

7a%b? — 2lath* — 35a6Z6, 


om3n* — 1lO0m*tn® + 1l5min8. 


C. 


Pod 


Model Solution. 
Resolve into factors— 
16p%q? — 48p%q° + 64p4q°. 
Since 16, & p*, & q, divide each term, it is evident that the- 


expression = 16p*q° (p* — 3q? + 4pq°). Ans, 
XSI 4, 
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§ 32. If an expression consist of four terms which can 
be evidently arranged in two pairs, each pair containing 
some common factor, we know that the expression must 
be the product of two binomials, thus :— 

ax + by + ay + bx=a (x+y)+b (x+y) 
=(a+b) (x+y). 
or we may of course say = X(a +b) + y (a+ b) 
=(x+y) (a+b). 
So ax — by + bx — ay =a(x—y) + b(x—y) 
=(a+b)(x—y). 
The following are Examples, but practice alone will 
give the student proficiency :— 

1. Resolve 6ax + 20by + 8ay + 15bx. We must take 
together terms which have some common factor : 
we cannot take them as they stand; re-arrang- 
ing we get 6aa + Say + 20by + 154% which is 
clearly = 2a (3a + 4y) + 5b (4y + 3x) = (2a +55) 
(3a + 4y). 7 

2. Resolve l5a? — 28by + 20ab—2lay. Here itis not 
clear which two terms are to be taken together 
as there are three containing the lettera; but as 
the term —2lay has also the factor y which 
is found in the term — 28¢y, it is likely that 
these two go together: we therefore try the 
arrangement 15a? + 20as — 28by — 2lay. This 
gives 5a(3a + 4b) —- 7y(46 + 3a), which shows a 
common factor is 3a + 45; hence given expres- 
sion = (38a + 46) (5a — 7y). 

Exercise 32. 

Resolve into factors— 

A.1l. ac + 26d + ad + Qhe. |B.1. 2ax + by + ba + ay. 
2. x® — ma + 4a — 4m. 2. x? — 5a + ax — 5. 
3. yt +24 y® + Qy. 3. By3 + by? +5 + By. 
4. p*x* —bg* ~bq*+q*au?.! 4. 2hu*+3ay* —8bcy —2acy. 
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dam + cn + em + Ban. 
4a + 6? + ab + 46. 

2y* —2— y® + dy, 

buy — acz —bz + acay. 


1 a a 


§ 38. Expression of the form x2 + px+q. 


If the third term q is the product of two factors @ and . 
b and the co-efficient of the second term Pp is the sum of @ 
and b ; then we know by the rules of multiplication given 
above that the expression is the product of two factors 
(x + a), (x +b), such that p=a+ b, and q—ab. 
The two factors, numerical or literal, which multi- 
plied give q and added give p must be found by trial 
The following are examples :— 
1. Resolve x? + 12% + 32. We find by trial that 4 and 
8 multiplied give 32, and added give 12; hence we 
know that x? + 12a + 32 = (x+ 4) (a+ 8). 
2. Resolve w* + 9% +18. Thereare only two numbers 
3 and 6 which multiplied give + 18 and added 
give 9; hence w* + 9% + 18 =(x%+ 3) (2+ 6.) 
3. Resolve x? + aw (6+c)+a%bc. Here q—a%le, 
and p= ab + ac. Now clearly q=ab x ac. 
“ given expression = (a + ab) (% + ac). 
§ 34. Expression of the form x*_px +d, 
Here if d=a Xx b, and p=a+b, then the factors are 
{x—a) (x—b). For example— 
1. Resolve x? —10a +9. Hereq —9,andp—— 10 
= -— (1+ 9); and the factors are (w—1) (~—9). 
2. Resolve x? —(a+6+c)a+ac+t be. 


Here G=ac + be=c (a+ 6) and p=(a+ 2)+e: 
“ given expression =: (%—c) (% — @ + 5). 
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Exercise 3S. 


Resolve into factors— pod 
A.1l. m? + 8m + 15. B. 1. p? + 89+ 12. 
2. 2% + l0ax + 24a?. 2. n* —15n+ 50. 
3. yt — lly? + 30. 3. wt + Lllaw? + 28a?. 
4. at + 5a7b + 68?. 4. c* + 12¢ + 32. 
C. 1. a? + 14a + 48. 
2. m* — 5m? + 4, 
3. a* — 18ab + 3032. 


4. a?}2 — Tabe + 10c?. 


2 


§ 35. Expression of the form x“ + px-—q or x2 —px—q. 


It follows from simple multiplication that 


x” _ px —q=(x —a) (x+b), 
ifq=ab, and—p=—a+hb, anda»b, 
But x*+px—q=(x+a) (x—b), ifa  b. 


If the third term is negative and is the product of two 
factors whose difference is the co-efficient of the second term, 
then the second terms of the binomial factors must be oppo- 
site in sign, and the sign of the middle term of the expression 
will be the sign of the greater of the second terms of the factors. 


Kxamples.— 

1. Resolve x* + 4% —12. Here we must find two fac- 
tors of—12, of opposite sign, whose sum = + 4. 
Try —4and + 3; their sum is — 1; that will not 
do; try + 4and — 3; their sum is + 1; that will 
not do. Again try 2 and —6; their sum is — 4;. 
that will not do; try — 2 and + 6; their sum is. 
+ 4, That must be what we want. 


 @? + 4a — 12 = (a — 2) (a + 6). 


CHAP. X. | FACTORISATION. 53 


2. Resolve x? —(b—c)a—(a—b) (a—c). 
Here 4 =(a—b)(a—c), and p= 4 — ¢c: now (a—b)— 
(a—c)=c—-b=— p. 
Hence given expression = (« + a—4) {%a—(a—c)}. 


£xercise 34. 
Resolve into factors— 


A. 1. w*+Jd5z? +56.. | BL a*¥—ld5a+ 54, 
2. a? —7a— 44, 2. y* + Ty? — 30. 
3. w* + ax— 42a’. 3. y* — 2ahy—8a’* b?. 
4. p* + 2pm—1lim?. 4. m* + mna—6n2x?. 


® uy? iar lla = 24. 


Cc. 1 
2. a*y? + say — 28. 
3. p® + pqu — 69727. 
4. m*x* + 3may — 54y?. 
§ 36. Expression of the form px? + QXy + ry”. 


If the co-efficient of x is not unity, the resolution becomes 
much more difficult. The reason will be seen if we consider 
the product of the two factors (ax + by) (cw + dy), andalso of 
the two factors (aw + dy) (cu + by). 

_ The first product is acx® + dy? + (ad + bc) ay. 

The second product is acu® + bdy? + (ab + dc) ay. 

The first and third terms are the same in both cases, and 
are the products of the factors ax,cx and by, dy respectively. 

But it depends on the co-efficient of xy whether ax and by 
are to be taken together or awand dy are to betaken together 
for one factor. Now when the co-efficients of %”, of y?, and of 
ay are numbers, it is not clear from inspection how we shall 
group the terms for the required factors: we must simply 
find by trial what combination satisfies the co-efficient of xy. 
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Hence, if the given expression is px2 + Oxy + ry?> where 
p=a x 6, and r=c x d, we cannot say-at once if the 
factors are (ax + cy) (bx + dy) or (aw + dy) (ba + cy). We 
must simply find by trial if q==ad + be or ac nod. 

For example take the expression 362? + 77ay + 40y?. 

Here the factors of 36x? may be 47 and 9a, and the factors. 
of 40y? may be 8y and 5y: we must find by trial how these 
are to be associated 4a + 8y 4a + By. 

Qu + a ees tb > oY. 

By trial we see that 4x8+9x5—=77. Hence the 
required factors are (4a + 5y) (9x + Sy). 

But we might have taken 62 and 6a, or 22 and 18% or x and 
36a as the factors of 36z*: and we might have taken 
4y and 10y, or 2yand 20y, or y and 40y, as the factors of 40y?. 
If we please to try any of these combinations, we shall find 
that none of them will give 77 for the co-efficient of vy. 

§ 37. Expression of the form px2 — qxy + ry?. 

If pa x 4, and rc x d; then the factors must be 
(aw — cy) (6a—dy) or else (aa — dy) (6%— cy): we must 
find by trial whether q = (ad + be), or = (ac + bd), 

Take for example 62? — 4lay + 356%. 

The factors may be 3a — dy ou — Ty. 

ee ae 2% — dy. 

Both give the first and last terms, but neither gives the 
co-efficient of wy. 

The factors may be 2a — Soy 24 — y. 

3a—y } ial poe 

But this would give — 10%ay or — 73ay for middle term,, 
neither of which is correct. 7 

Again we may try for the factors 


2% — 35y t—Y, 
62—y } ek Salto 
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The former gives — 2llay, and the latter — 4lay for 
the middle term. Hence the required factors are (a— y) 
(6z — 35y). 

§38. Expression of the form px? + qxy —-ry2. 

Suppose as before Pp =a X 4, andr=—c x d. 


By the rules of multiplication the factors have got 
opposite signs for their second terms. Hence they are of 
the form 

(ax — cy) (bw + dy), or (ax + cy) (bx — dy), 
or (ax — dy) (ba + ey), or (aw + dy) (ba — cy). 
It is best to write these down in the following way :— 


be cy 
ha tate ax dy 
and simply find by trial whether the difference of the pro- 
ducts ad and bc, or the difference of the products bd and ac 
give qd the co-efficient of zy, the + sign or — sign being 
given to the larger product according as the sign of Q is + 
or —. 2 
Kaamples.—1. Resolve 6a? + 19a%y — 36y?. 
The factors may be «+ 6y) but this gives+30«y for mid- 
6a—6y) dle term, whichis wrong. 
or, The factors may be 3a—6y) but this gives+ Gay for mid- 
24+6y) dle term, which is wrong. 
or, The factors may be 3a+ 9y igs da — Ay. 
20 — Ay 2% + Yy. 
By trial we find the latter gives + 19xy as middle term, 
which solves the problem. 
Hence the factors are :—(5% — 4y) (2a + Qy). 
2. Resolve 6a? — 19ay— 36y*. In the same way we 
may find the factors to be (38x + 4y) (2% — 9y), the 


— sign being so placed that the larger of the cross 
products is —. 
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The solution of such problems becomes a matter of. 
considerable difficulty if the co-efficients of x? and y? are 
Jarge numbers, which admit of resolution into factors in 
many different ways. gates, ee : : | 

The same principles as those just given will however _ 
suffice in most cases to solve the problem, and by inspection | 
we can readily see which factors are obviously unsuitable. 


Exercise 35. 
Resolve into factors— 


A. 1. 207+ 3a+1. | B. 1. 3a? + 5a +4 2. 
2. 3m? + 10m + 3. 2. 2m? + Om + 4. 
3. 3x? + 52 — 2. 3. 2x? — 5a— 12. - 
4. 4x? — 224 — 49, 4. 5a* — 34a — 48. 
C. t 9a? + 5¢4. 9. 

2. 3m? + 8m + 4. 

3. 44? — 19% — 5, 

4. 3a? — 8a— 35. 


Exercise 36. 
Resolve into factors— | 
A. 1. 12x? + 34a + 24. | B 1. 6a? + 19a + 10, 
2. ld5a*? — 47a + 36. 2. 12m? — 34m + 24. 
3. 20a? + Yay — 18y?. 3. 20a? + 64a — 2162. 
4. J4a?—45ab— 1462. 4. 6x? + Say — 25y?. 
C. 1. 12y? —27y + 28. 
2. 12x* + 28% + 15. 
3. 35a? + 13ax — 12a?. 
4. 33y* + 76y2z — 3222. 
§ 89. The difference of two Squares can of course be 
at once resolved into the product of the sum and difference 
of two quantities ; for 


a? — b2=(a—b) (a+b). 


* 


f% 
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5 Baamples: :—9u” — 16y? = (8a— 4y) (8a + 4y); 
. Sla? —1—=(9« — 1) (9a + 1). 
_ Note 1.—One or both of the squares may be compound 


. quantities, and the formation for the whole expression 
_may not be quite so obvious then. 


For example.—Resolve a? + 42 —c? — d? + 2ab + 2Qcd. 

Re-arranged this becomes a? + 2ab + 6*—(c? —2cd + d*) 

v.e., (a + 6)*—(c—d)?. Hence the factors will be 
(atb+c—d)(at+t4—ct+d). 


: ae 2 
Note 2.—Since wy = . zs a be C , it is clear 


2 2 
that the product of two factors may always be thrown into 
the shape of the difference of two squares. 

In other words, if a given expression can be thrown into 
two factors, it is always possible to throw the given expression 
into the form of the difference of two squares. Sometimes 
adding and subtracting the same number or quantity 
enables us to see the two squares when otherwise they are 
not obvious. 

Examples.—1. Resolve «* —2x—8; by adding and 
subtracting 1, which cannot alter the given expression, it 
becomes «* — 2% + 1 —9Q, that is (w— 1)? —3*. Hence 
the factors are (a --1 + 3) (2 —1—=83), that is (w + 2) 
(x — 4). 

2. Resolve a* —10a° +9. This is obviously 

= at — 6x? + 9 — 4a? = (a? — 3)? — (22)? 
¢ = (a? — 3 — 2a) (a? —3 + Qu) 
= (a—3) (@ + 1) (w— 1) (a + 8). 
Exercise 37. 
Resolve into factors— 
A. 1. Qu? — 25y?. 
2. 12la* — QA?. ; 
3. a? + 5* — a? — Qay + 20d — y’. 
4. 4a? — Qyz— 2? — y?, 
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B. 1. 36p? —- 499’. 

2. Yat — 160%. nent 

3. m* + 4n? — a* + Amn. : 

4, 4a* —16c? + 8cd— 12ab + 902 —d?. 
C2 2 __ 495+, 

a: ot — 2525. 

3. 1+ 2? — 4a? ey Be 

4, Aa? — y* — 2? + Qyz. 


Exercise 38. 
Resolve into factors and simplify— 
A-l. (a+)? — a’. |B.1, a*—(—a)?, 
2. (246+.¢)* —(234—c)’. 2. (Sy +22)? —(3y—z)?. 
3. (3a+76)?—(2a—3bd)*.| 3. (4a+3y)?—(3a—2y)?. 
4. (62+ 5y)?-—(Sa—4y)?.| 4. (10a—44+4+3)%— 
(9a—33+3)?. 


C.1.. (6 + 3c)? —4ec?. 
2. 9a? — (8a-— 5A)*. 
3, (fu + by)? — (4% — 3y)?. 
4, (2a-— 32+ 1)? — (8a — 23 + 1)?. 
§ 40. All the formule given under Multiplication and 
Division by Inspection (Chapters VI, VII) are constantly 
of use for resolution into factors, thus— 
(1) x8 +y?= (x+y) (x?-xy +y?). 
(2) x°— y= (x-y) (x? +xy +y"). 
(3) x*4 y*4 x%y 7 = (x24 xyty”) (x?-xy+y?). 
(4) x74 741 5(e27-= +1) (24a ED: 
(5) x°— y® =(x+y)(x-y) (x? +xy+y")(x?-xy+y?). 
It is to be noted that these formule are perfectly general ; 
that is X andy may beanything. The following are exam- 
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ples of each of these five formule, which show how many 
cases they may apply to. 
(1)8a* + 27b° =(2a 4 34) (4a? —6a4 + 92). Herex =2a,y=30. 
(2) 1254 —1=(5a—1) (252° +5a+1). Here X=52, y=1. 
(3) 16a‘ + 8124 + 36a2b?= (40° + 6ab+9b*) (4a? —6ab + 9b7). 
Here X =2a, y = 3b. 
(4) 625m* + 25m? + 1 = (25m? —5m + 1) (25m? +5m+ 1). 
Here X¥ = 95m. 
(5) 64c® —1 = (2c+1) (2c—1) (4c? + 2c+1) (4c? —2c+1). 
Here X = 2c, y= 1. 


§ 41. Other Useful Formule are— 
1. x3+y3+723—S8xyz=(K+yt+2Z)\(K7+y%7+2*7—xy —xXzZ—yz2)- 
- 2.x3+y3+1-—3xy=(xK+yt1)x*+y7+1-xy—x-y). 
Haamples of these are— 


1. 8a? + 27c? + 63 —18abc =(2a + b + 3c) (4a? +0? 
+ 9c? — 2a/,— 6ac — 3c). 


This comes under the first formula by putting 2a—X, 
5=Y, and 3¢c=—z. 
2. 125m3+8n? +1—30mn = (5m4+2n+ 1) (25m? + 4n? 
+ 1—10mn — 5m — 2n). 
This is reducible to the second formula by putting 
5m =: X, In—y. 


Exercise 39. 
Resolve into factors— 
A.1. 8c? —27a'. B. 1. 343a° + 512. 
2. «a? —216y°. 2. 1000a° —1. 
3. 162*+36a?y?+ 8ly*., 38. Bla*+225a?y? + 625y*. 
4. 625m* + 25m*+1.| 4. a®bs +at%h* + 1. 
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a> + 6468. 
» 729x8y3 — 8a. 
206a* + 16y* + 64a7y?. 
m st fat + mys + bs 


= 


ce 


Exercise 40. 


Resolve into two or more factors— 


A. 1. 500a?4 — 20b2. |B. 1. x5 —827y3. 
2. sy* — l5y? — 90y?. 2. y? +27 —a* —2yz. 
3. 24a* — 43 — 4iy?, 3. 45x? y* — 30ay? — 
4. 8m* — 32m* —24m? + 96m. 60x? y + 40ay. 


4. 6p* —12p3 —l5p? 
+ 30p. 


b2y3 Ree: 16¢7y3. 

14a? b? — 35a? 6% + 14a*b. 
20a*b + 18a?b? —18a248. 
4m* — 8m? + 24m? — 48m. 


Pon 


Exercise 41. 
Resolve into two or more factors— 


Ae 


2. 


PO ND 


#? —(a—b + c) x® —(ab—ac + be) x + abe. 
a8 — 4a? — lle + 30. 
a*h — a*b3 — ab? + ab‘. 


(a? -- y* es eae ees Ave? y?, 


y> + (a— 6 —c) y* — (ab —ac + bc) y — abe. 
7? — 2x? — 3la — 28. 

24a*b? — 30ah* — 363%. 

a* —}b* + 26 (aS + b§) —(a + 6)? (a—8)?. 
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Cc. 1 23+(a+ b—e) 2? + (ab — ac— bc)z —acb. 
2. y® — By? + 4y + 48. 

3. dSaty* — day. 

4. (hk + 2)? (1 +:27) — (1 + 2)? (1 + @?). 


Chap. XI.—THE GREATEST COMMON 
MEASURE. 

§ 42. The Greatest Common Measure (G.C.M.) 
of two or more algebraical quantities is their Greatest 
Common Divisor, or Factor of Highest Degree; 
and the terms Highest Common Factor (H.C.F.) or 
Greatest Common Divisor (G.C.D.) are often used 
instead of the older term G.C.M. 

§ 43. Algebraic G.C.M. not necessarily arithmetical 
G.C.M. | 

Two algebraic expressions may have no common factor 
algebraically, yet their arithmetical equivalents for any 
special values of the letter or letters involved may have a 
common factor. For example «— 2 and x + 2 have no 
common factor algebraically, yet if we put «= 4, they 
become 2 and 6 which have the common factor 2; and if 
we put «= 10, they become 8 and 12 respectively, which 
have the common factor 4. So, again, a—yanda+y 
have no common divisor or algebraic measure, but for 
particular numerical values of «and y, they may have an 
arithmetical common measure. Thus, put «= 9, y= 7, 
and they become 2 and 16 with 2 for G.C.M.; put «= 10, 
y = 6, and they become 4 and 16, with 4 for G.C.M.; put 
«== 21, y—9, and they become 12 and 30, with 6 for 
G.C.M., and so on. 

It follows clearly from this that the arithmetical values 
of the algebraic G.C.M. of any two expressions may not 
be the numerical G.C.M. of the arithmetical values of the 
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two given expressions. Thus the greatest common alge- 
braic factor of 3a° — 4a* — 3x—2 (A) and 223 + 3a2 — 
5x —18 (B) is found to be x— 2. But if we put «= 4, 
the numerical equivalents of (A) and (B) are 114 and 138, 
whose G.C.M. is 6; whereas if we put «= 4, the alge- 
braical G.C.M. «—- 2 becomes = 2. 


In the same way one expression may be greater alge- 
braically, that is of higher degree, than another, but it is 
not necessarily greater arithmetically for special numeri- 
cal values of the letters involved. 

§ 44. To find the G.C.M. by Inspection. 

This can always be done in the case of monomials; for 
we have only to look what numbers and letters are com- 
mon to the two or more given expressions, e.g. 27a35*c?, 
36a°b%c*, and 45ab°c? : the G.C.M. is obviously 9ab?c?. 


Again for polynomials this method should always be 
adopted if the given expressions can be resolved into factors 
6y wmspection, e.g., the G.C.M. of 3x8 — 3y8, 12”* — a : 
and 274° — 27y5, is 3 (a — y). 

If the student is expert at factorisation, it will save much 
time and trouble to use the method of inspection as much 
as possible. The student should therefore remember that— 

The greatest common measure, factor, or divisor (G.C.M., 
G.C.F., or G.C.D.) of two or more expressions is to be 
determined by inspection, in every case when the expres- 
sions can be resolved into factors by inspection. 


Exercise 42. 
Find, by inspection, the G.C.M. of— 
A. 1. 34a?%a% y* and 5la%a?y8. 
2.° 154a%*5*c? and 12a? bc?: 
3. 21la®ba?, 2ab cx? and 35a?b?cx*. 
4. 2labySz, 27n2y*2? and 24atyz, 
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B. 1. 39mon>x* and 52m?n? a>. 
2. 49x? yz* and 632% y?2*. 
3. 18p*%q*5°, 27p*q?s5 and 36p*qs°. 
4. 12a5y?z4, 20a%yz5 and 16a2y*z°. 
C. 64xy*z7 and 80x74? z>. 


1 
2. 354%c%d and 426%c?d?. 

oO. Ter h*e. 25ab° c* and 35a*h?c?. 
4. 20a*h5x?, [5a°su° and 30a? b*2°. 


Exercise 43. 
Find, by inspection, the G.C.M. of— 
A. 1. a + wy and 2? — y?. 
2 a> + a*%h and a® + 4°. 
- w?yz + wy*2z and wy — y8. 
4. 6x7 + «—2 and 12x? —w#—6. 


B. 1. (a+ 4)? and a? — 4?, 

2. ak y— ay? and ay? —a?y®, 
3. m> + 8n° and m? + mn — 2n?. 
4. 6y* — 3y— 9 and 8y? — 18. 

C. a* — dy? and «a? + ay. 


1 

2. 6a* —9ah and 4a? — 962. 

3. y*? +3y + Zand y? — 4. 

4. 12a? + 13a—4and 12a? — 19a + 4. 


Exercise 44, 
Find, by inspection, or resolution into factors, the 
G.C.M. of — 
A. 1, 2a*+5a — 3, 2a?+7a +3 and 3a?+11la+6. 
2, Qy?+9y+4, Qy? + lly +5 and 2y% —3y— 2. 
3, a°5 (b?=—c’), ab (4? +3bc+2c*) anda? (6% —bc—2c’). 
4. 24° —11x+5, 3x? — 16x+5 and 4a? — 19a — 5. 
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Qu? —a —6, 2a?+5a+3 and 40° +47 — 3. 

. Batt+8a? +4a?,3a°> +1la*+6a’ and 3a*— 16a* — 12a’. 
. 8a2?—7ab+ 262 ,38a*—_4ab—4b” and 2a?—-ab—64*. 
- By® (y*—2y*>—3), By? (y*—5y* +6), 10y (y*—4y* +3). 


iP CO DD = 


, dy? + 10y—8, 12y? + 7y — 10 and 6y*? + 2y— 4. 

- ay? +2a%y+ a5, 2Zay*—4a* y—6a? and 3(ay+a? )? 

. 0% —ay—6By?, «? + ey—l2y* and 2? + day —l8y’. 

a> — 10x? + 27¢ — 18, a? — 1207 +41a—- 30 and 
aw? -— 14a*% + 55x —- 42. 


Pon 


Model Solution. ' 

Find, by inspection, or resolution into factors, the G.C M. of 

Gary (22y — wy? + 2? — y), Gury? (2? —y — wy + y®) 
and 6a3y2 (a? —ay—a?y? +y°). 

Evidently 6«2y divides each factor outside the brackets, and is 
therefore one factor of the required G@ C.M. 

Also x?y — xy2+22 —y = ay (a?—y) + o%—y = (ay + 1) (2? — y) 
and #2 —y — w2y + y? =("%? — y)— y (a? — y) = (1—-y) (wy), 
and x? —sy—2°y?+y% =a (2% —y) —y? (2? -y)=(@—-y*) @?—-¥) 
From this we see that «2 —y is the only other common factor. 
Hence the G.C.M. required is 622y («?—y). Ans. 

§ 45. G.C.M. of two complex Polynomials. 

If the given algebraical expressions are not simple 
enough to be at once factorised, then a method similar to 
the arithmetical method of finding the G.C.M. is employed. 
The method may be summarised as follows :— 

Divide the greater quantity (¢.e., the one with highest 
index of the principal letter) by the less: then divide the 
former divisor by the remainder; and go on in this way 
till the division comes without an remainder. Then the 
last divisor in the process is the G.C.M. of the two given 
expressions. 


Illustrative Examples are given in Exercises 45—47. 
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The reason for this process depends on the simple fact 
that whatever divides each of two quantities A and B, must 
also divide the sum or the difference of those quantities : 
and must also divide the sum or difference of any multiples 
-of those quantities. For if «isacommon divisor of A and 
B, and if A = ma, and B = na; then it is obvious that 

At B=met na—a(m +n). 

Also pA + qB=-pma + qnx = x (pm + qn). 

§ 46. The Introduction or Exclusion of Factors. 

There is often a great saving of labour if we multiply or 
divide the remainder at any stage of the operation by some 
factor which will make the division come exactly for the 
highest terms and so bring the operation more rapidly to an 
end. The only condition to be attended to is, that the 


factor introduced or excluded in this way must not be 
any factor of the G.C.M. required, For example in the 


_ Model Solution of Exercise 45 we have excluded the factor 5 
from the remainder at one stage of the process, and the 
factor 47 at another ; but neither of these is any factor of the 
required G. C. M. for it is not common to all terms of the 
‘given expressions. Again, in the Model Solution to Exercise 
46, we exclude the numerical factor 48 ; and, in the Model 
Solution to Wixercise 47, we introduce the factor 3 on two 
different occasions and exclude the factor 10 on another. 


Exercise 45. 
Find, by the ordinary method, the G. C. M. of— 
A. 1. 6a% + 5la + 99 and 3a% + 57a + 144. 
2. 36y? + 96y — 36 and 28y? + 100y 4+ 48. 
3. «a°—5a® + 5a? — 1] and at + a —4a? +44 1. 
4, 184° —18%°y+6ay? —6y% and 602* ~75ay+15y?. 


XII 


. 
Or 
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B. 1. 8y? + 58y + 77 and 6y? + 55y +176. 
2. 63a? + 1440 — 45 and 54a? — 63a + 15. 
3. yt + 4y? + l6andy® +y*—2y? + L7y? —10y + 20. 
4. byt + 29u%y? + 9a* and 3y° — Loay* + ary — Sa. 
C. 1. 196? —153— 63 and 84? + 74b + 105. 
2. 302+ ld5a— 72and 4a* + 92x + 480. 
3. a&—6a* +9a* —Aand af +a°—2a* + 3a? —a—2. 
4. 2p + 10p* + l4p + Sand p* + p? + Tp + 39. 


Model Solution. 


Find, by the ordinary rule, the G. C. M. of 623 + 7x? —292 + 12 
and 1203 — 22a? + 23a — 20. 


6x2 + 7a? — 29% + 12 1303 — 22”? + 28a — 20 2. 
6 12%3 + 1402 — 58a + 24 
—a | 3602 + 4202 —174a + 72 — 36a? + 8lx — 44 


8622 — 8la? + 44a 
a, 12382? —218% + 72 
10822 —248a2 + 1382 


24959 — 
eT = 360% = 60 + 144-12 
Ss i Oe pile 158 
bins 3a? —4e ee 
3 9% —12 
9a2—12 


Hence, the required G. C. M. is 3x — 4. ADs. 


Exercise 46. 
Find, by the ordinary method, the G. C. M. of— 
A. 1. a + a2 —10a + Sanda® + 2a? — Ida + 10. 
2. 72 + 402 — 5s — 20and 6° + 662 — 54 — 30. 
8. 2? + 4y®? —7y — l4and 6y® — 10y* + 2ly+35. 
A. 9? + l4aa?2 + 50a?x + 7a and x + 6ax — 7a?. 


B. 1. y3 — 6y? — 86y + 35and y® — 5y® — 99y + 40. 
344 —3a? —2a2—a—l and 6a*—3a5— a? —a—l. 


bo 
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3. p—yt ty +2y?— 6y—dand yi —y$+ yB—Qy? — 97, 
4. 2x4— 423+ 8x? -122+6 and 3a4—3a5 —622 + 9a—3. 


C. 1. 5? + 35? — 8s— 24 and s? + 252 8, 16 
2. 2b4*—2b? + b2 4+ 33 —— 6 and 4b* —243 +3) —9. 
3. 64? +913a%y — Quy? — LOy? and 9x3 + I2Qa2y 
— Ilry%— 10y?. 
4. 6y® + 16y*— 12y + Band 15y3 — dy? + 12y—4, 
Model Solution. 
Find, by the usual rule, the G. C. M. of 2e3 — 7x? — 46a” — 2) 
and 224 + 1lw? — 1322 — 992 — 45, 


| 223 —7a? —462 —21 4z* + lla? —13822—997 — 45) 
| 20*—7e® —dAGa2—Qle 

| 182* + 382°~78r — 45] 9 
| 


182°—63a2—414¢ — 189 


w | 203 + 7a? + 8a | 48 )96c° + 3362+144. 
—F —14¢2 ~492—21 | (eae, Sarge 
— 142? —49¢ —21 | 


Hence, required G. C. M. is 2a? + 72 + 3. Ans. 


§ 47. G.C. M. of three or more Expressions, 

The algebraic method is just like the arithmetical one. 
We first find the G. C. M. of any two; then the G. C. M 
of this G. C. M. so found and the third expression; and 
so on for any number. The last G. C. M. so found is of 
course the G. C. M. of all the given expressions. 


Exercise 47. 
Find, by the ordinary method, the G. C. M. of — 
A. 1 &+7a? -a — 7, a + 5a*—a— 5 and a?—2a+ 1. 
2, y?— dy? + Dy — 10, y® + Qy% — 38y + 20 
and y* + d5y? — 9y + 35. 
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3. 12a? + Try — 10y?, Lda? + 2ay By? 
and 15a? + day — 10y’. 

A. 6xt+3a8—14a2—4a-+ 8, 3a4 + 62% + 2x4%—8a— 8 
and 924 — 3a8 — 6x2 —- 4a— 8. 


B. l. a—2?-a + 1, 3x2? -2e — 1 and a —2? ta—l. 
2. ai—Ta2 + 16a — 12, 3a* — 14a? + 16a and 
5a3 — 10a? + 7a — 14. 

3. y? + y—30, y? + lly + 30 and y? — y — 42. 
4 Geb bat Be + 3/8 Ge le ; 
and 4a? — lla + 3. 


Oo. ak 402 = 8, a — 3a + 2and a3 + 4a —8a+3. 
2. xeetayty’, a8 + Qu?y + 2ay? +y? 
and a* + x?y* + yf. 
3. ad + aty + ay? + y8, 08 + Ba°y + Say? + ye 
and #3 + «?y-— ay* — y®. 
4. ¢t—9x? +29x? — 49a+ 18, 403 —- 27 x2 + 58a—s39 
and #2? — 8x? + 19a — 12. } 


Model Solution. | 
Pind the G@. C. M. of 32° -— 2 — 4a +10, 6a3 + 7a? + a + 10 


and gu° + Ila? + 40.— 10. 


First find the G@. C. M. of the first two expressions... 

6n3 + 7a® + a+ 10 2 
2 Garr ah Ott See 
Qa? — 3a? — lza + 30 | Ono + Sa—- 10 

| 9a3 + 9a? — 10a | 


O00 ot gee 
—__ 12a? —2a + 30 


ce ee 
a oa. B6a2 — 6a. + 90 
— 2 + 40 
ae + BO OS ea ee 
3 ee -— 6a — 10 Le? 
ao _-$a-— 10 


'9q3 —a? —4a + 10 
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We find it to be 8a + 5, 
Taking 3a + 5 and 8a? + lla? + 4a — 10, we find 
3a> + lla? + 4a — 10! 8a +5 


da* + 5a? Qe 2a 2. 
6a2 + 4a 
6a? + 10a 
oe 6a arg 10 
— 6a— 10 


or 38a + 5 is a divisor of the 8rd expression. 


Hence the G.C.M. of the three given expressionsis 83a+5. Ans. san 


Chap. XIl.—LEAST COMMON MULTIPLE. ~ 


§ 48. Definition of L.C.M. The Algebraical Least 
Common Multiple (L.C.M.) of two or more quantities is 
the smallest expression that contains each of the given 
quantities exactly. The same remarks apply here that 
we made under G.C.M. as to the arithmetical value of the 
L.C.M. not necessarily being the L.C.M. of the arithmeti- 
cal values of the given expressions for any particular 
values of the letters involved. 


§ 49. Tofindthe L.C.M.by Inspection. Whenever 
it is possible, we should find the L.C.M. by Inspection— 
and always for Monomials. 


For the Least Common Multiple of [ur smallest quantity 
that can be divided by each of] two or more quantities is 
obviously that which contains all the factors that oceur 
in all the quantities but with none of them repeated un- 
necessarily. Hence if the given quantities can be easily 
resolved by inspection, we write down all their component 
factors, and then select each factor that occurs, taking 
care to repeat it as often only as it is repeated in any one of 
the eapressions. The product of these factors is the L.C.M 
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Thus let P, Q, R be the three given expressions whose 
L.C.M. is wanted; suppose P to contain the elementary 
factors A, B, C; Q the elementary factors B, C, D; and 
R the elementary factors C, D, E; then clearly the L.C.M. 
of P,Q, and R willbe A x Bx Cx Dx EH. 


Exercise 48. 
Find, by inspection, the L-C.M. of — 
A. 1. 4a? be, 5ah*c?, 6% be?. B. 1. 5a*y, Gay?, 3x7y?%. 
2. 2ay, 3a*y, 4xys, Say? 2. 34°, 457, 6aZ5. 
3. 17mn*p, 34m2n, 51n* p§. 3. 29abc, 58a*b, 87atc?. 
4. 49ahc?, 21a?h%c, 56a%bc8.| 4. 13m3n4, SALE 52m2n. 


1. 3a?43, 206, 40° b*. 

2. Qvy?, 3a? y, dat y*, Gaty®. 

83. 30a%c, 45bcd?, eae 

4. T2at%y%2?, 36a3y* 23, 1L08xyz*. 


C, 


Model Solution. 
Find, by inspection, the LC. M. of— 
An? y2?, Goy>2*, 6uryz?, L2a*ys*. 
Evidently the L.C.M. of the numerical co-efficients is 12, of the x 
factors is #*, of the y facters is y*, of the 2 factors is 2*. 


Hence the L.C.M. required is 12e+y3z*. Ans. 


Exercise 49. 
Find, by inspection, the L.C.M. of— 
A. 1. 8a? — l6xy and x? — 4ay + 4y’. 
2. 6 (a? + ab), 8 (ab — 6”) and 10 (a? — 6*). 
3. m?+m— 42, m? —1lm+30 and m*? + 2m — 35. 
A. da? + 160 + 3, Sar les eS and a® + 5a + 6. 


aN 
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B. 1. 6a7b + 624? and 9a? — 9ah*. 
2. «2? + 4x + 3,0 + Bx—3 and a* — I. 
3. 2a? + 3a4+ 1, 2a? + 5a + 2anda*? + 3a + 2. 
4. 2? + 15p—8, 2p* + 3p —2and p? + 10p + 16. 


(x — y)* and a? — y°. 

a? — a?y, a? — avy? and ax + y. 

By? + lly + 6, 3y? + 8y + Sand y? + dy + 6. 
3h2 — 132 + 14, 342 —6 — 14 and 4? — 4. 


Po eee 


Model Solution. 
Find, by inspection, the L.C.M. of— 
120° +82 — 42, 1203 + 30a? + 12% and 32a? — 40x — 28. 
Resolving into factors we have-— 
(i) 1202+ 38a—42=8 (40? +"4—14) =3 (40 —7) (a + 2). 

(ii) 1203 + 80”? + 12a =60 (2x? + 5a + 2)=—=6a (2a +1) (% +2). 
(iii) 320? —402—28=4 (8% —10x—7) =4 (4a—7) (2a +1). 
Hence the L.C.M. required must contain the factors, 

3, 6a, 4, 4a —7, 7 +2, and 2a+1 
and « =12 2 (44—7) (a +2) (2¢+1) Ans. 


§50. To find the L. C. M. of two or more complex 
Expressions. 

If the resolution of the given expressions into factors 
cannot be effected by mere inspection ; we must then have 
recourse to the method of finding the G. C. M. (or greatest 
common factor) as given above. 


This will enable us to find the other factors of the given 
expressions: and then, as before, we have to select each 
factor that occurs in each expression, taking care not to 
repeat it oftener than it occurs in any one of the given 
expressions. 


The product of all these selected factors is the required 
L. ©. M. 
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Exercise 50. 
Find, by the usual method, the L. C. M. o7— 


A. 1. 
2. 


3. 


bo | 


2a*— 703 + 13a?-—10a+8 and 3a4—823+ 722+ 10a—8. 
6a*-+ 8a? + 15a? +3a—5 and 12a*+ 13a3— 16a? 
— 8x + 5. 
2a* + a> — 20a? — 7a+ 24 and 2at+3a? — 13a? 
—— 746 A, 
2x° + lla? + 23a + 20, 223 + 9a? + 16a + 15, 
and 2u3 + 7x? + 9x + 10. 


-  dy*+y3 —2y? + dy—Band 6y4—7y? + Lly?—S5y+3. 


AU Ge — ida? + 10a— 12 and 8a* + 2a? +29a? 
~— 3a + 18. 
62° + 38ayt+ l5y? and 3x*y? + l4ays —5y*, 
2a*—a? + 5a? — 3a — 3, 2a*+ a? + 402+ 3a — 6 
and 3a* —a? + lla? —8a+ 6. 


Qat +5a3--8a2—Llatl2and 204+748—5a2-—-lL4ats8. 
6a? + 38a —- 28 and 27a? + 27a? — 30a. 


oe ye 15, 
oa? —e*+a+2, 3a? — 6x? +62 —8 
and 3a° — 9a? + 9x —6. 


Model Solution, 
Find, by the rule, the L.C.M. of 6%* — 1322 — 18x + 30 


and 825° + 38x2 + 59a + 30, 


82° + 38a + 59a + 30 6a? —- 1322 — 132 + 80 
1 62° —1322 —18a + 30 
x 20? +5142 +720 


24 


202+5)a +72 


6a? + 15802 + 216c 8a 

— 1662° — 229 + 30|—83. 
— 1660? — 42330 — 5976 
2002)4004a + 6006 


20? + 38a 22 +3 


48a +72 
48x +72 
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Hence, G. C. M. of the two expressions is 2 + 3. 
Also, by simple division, 
Istexpn. = (2x + 3) x (4a? + 13” + 10). 
2nd expn. = (22 + 3) x (8a? — 11a + 10). 
Hence,required .C.M. =(22+3)(4%2+132+ 10)(8a2—1]a2+10). Ans. 


§ 51. The following method is sometimes given for;finding 
the L.C.M. of two expressions. Divide;the Product of the 
two given Expressions by their G.C.M. It is easy to - 
see that this agrees with the other method. For if d be the 
G.C.M. of two quantities A and B, suppose A =pd, and 
B=ad. Then p and q have of course no common factor : 
hence, by last method, L.C.M. of A and B= pqd. 

But this=pd x qd+d,ie, A x B+d. 

The student is however recommended to use the method 
of selection of factors as explained above in § 50 rather 
than this method. 


Chap. XIII.--FRACTIONS, 


§ 52. Algebraical Fractions are treated by methods 
identical with those employed in Arithmetic. Hence, it 
is unnecessary to do more than summarise them. 


§ 53. To reduce a fraction to lowest terms. 

If the numerator and denominator can, by inspection, be 
resolved into their elementary factors, then by inspection 
we may strike out all factors common to both. 

Otherwise, we find the G.C.M. of numerator and denomi- 
nator, and divide each by that. 


The following are Examples :— 

Reduce to lowest terms the following :— 
3 — 5a? + 7a—38 
a Sa 2 fF 


Oa 54/2 5 6 wer 
24a* y* 78 
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(1) It is clear that for the first fraction 3x*y?<° is the — 
greatest common divisor of numerator and denominator ; 
3x 
dividing by this, we get Byz? . Ans. 
(2) As the greatest common divisor of the numerator and 
denominator of the second fraction is not obvious, we find 
it by the ordinary rule for G.C.M. thus :— 
cee e* — 5a? + Ta—8 | a® —Ba+ 2 
sae, — 8a+2 


—5| — 5a? + 10x —5 | 

2 s-  Ba ck Dole oe ae % 
| 2u* —4a+ 2 +2 
Qe? —4a + 2 : 


Hence it is v? — 2a + 1. 
Dividing numerator and denominator by this, we have 
a> -— 5a? + 7a —3|_ a—8 

a —3e + 2 at 2 one 


u* —Q2u4+ 1 


Exercise 51. 
Reduce to lowest terms the following fractions :— 
AL ee oy 
Gatyz® ~ 14a?b?e 


a a a _ (mn — 3n*)? 
at — 4q2%b? + 454? min? —27n> 
ae 21x + a* 
18a — 6a? + 223° 
4. a? y* — Loy? 


gy + Sey + 20y 


BL eg 35m? np? 
28a? bc? 49m? 2° p* 

2. 3a* + 6a  a3b + 2a?b + 4ab 

a? + 4a+ 4’ a —s 
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3m? + 23m + 14 


Pk Sib ML os 
3m? + 41m + 26 
ao ee ay Gey" 
at + ae y — Qx2y? ' 
c. 1, lata? 14x? y24 
lathe: Ble 2 23° 
6 gee tl, a aie og ee 


5a? + 7a—10’ a® + 3x2y + Bay? + 2y? 
3 3a -- Baty + ay?® in all 

Ay* — day + y? 
m> + 2m? — 13m + 10 


4. Sealant Mie een eee 
m? + m? —1l0m+ 8 


§ 54, To reduce a mixed quantity to a fractional 
form. 

We have only to multiply up by the denominator as in 
ac +b 


arithmetic and simplify thus: @ +2 = - 


For Example— 
6x* 
l—ax? 


Reduce to a purely fractional form 1 + 4%? + 


Proceeding as in arithmetic, we have 
(1 + 4a?) (1 —2#*) + 6a* _ = B+ 3a? — 4a* + 6x* 


{ — 4” 1 — x” 
s 2 4 
lata l + 3a + Qa eR? or 
1 — 2x? 


Exercise 52. 

Reduce to purely fractional form the following mixed 
quantities :— 

Adi ae hs ond de + 2. 
9’ y 


2 
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MS a lap by + li 2 ee 
2ab — 6? 
3. erent 
any a+b 
2 2 
Bic Loe eae 
} un a+ 2y 
2 
B.1. 3m — =; and 5y+ =. 
a 
2 pean 
2. 32 we and by a 
3. l—a+a? — e 
0 
A 4: 
7 TBE E Ce cey PRC aoa | 
y ray 
Cc. 1 Sais hand Ba 
a 


Bey. does 
: l+w 

“ Ake 
4.. — b —— a 
a “Oc reer 


§ 55. To reduce an improper fraction to a mixed 
quantity. 
Asin arithmetic we simply divide numerator by denomi- 
nator thus :-— 
ax +b =a + b 
x x 
An algebraic fraction is improper if the power of a, or of 
the leading letter, in the numerator is as high as, or high 
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than, that in the denominator: in other words, if the 

dimensions of the numerator be equal to, or greater than, 

those of the denominator. 
For Example— 


P ispes v3 
Reduce to the form of a mixed quantity Aia*—LOae + 400" 


3 Zak 2% » 
Dividing we get 4a? + 10au + 4a? ( “ue i fe 
4a? + 2an 
— 12a"e + 4a? 
— 12ax — 62? 
+ 10x? 
10x 2 
Zo = 64 ep. Ans. 
Ya + @ 


Exercise 53. 
Reduce the following fractions to the form of mixed 


quantities :— 
a. 1. 8a? + 5ah | Bl 9m? + 3mn 
Aq? cs 3m? 
ge | Oax + 3x" 2. 4a? — 12ax + 32% 
2a as 2a — 3a * 
3g 1u* + Oxty | 3, Sa%x— daa? + Ags 
wtb ay 2a —« : 
ig eee , i—wt ye 
at x 3 Le Yak 
eur Set Ss ye 3) Ue 8 
3p d pm 9 ‘ 
g, 19ax — 6a? 4 ee 
3a — %& [se @ 


§ 56. Yo reduce fractions to the Least Common 
Denominator. 

We proceed as in arithmetic, that is, we find the L.C.M. 
of all the denominators; we put this for the common 
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denominator ; we divide this in succession by-each fraction- 
denominator and multiply the quotient by the corre- 
sponding numerator: thus, 
ae oe 
be’ ce’ eg 
aeg, dbg, fbe 
beeg : 
For Example—Reduce to, L.C.D. and add 
doc 0) Mee 36 (NB bod de 
2ab 3aC Ac 
The L.C.M. of the denominators is 12abc: hence we 
shall have :— 
Given Expression 


— 8¢ (3a + 5b) + 4b (4a + 3c) + 3a (3b + 4c) 


, will become, if b, c, e, g are elementary 


factors, 


l2abc 
ns l8ac + 30bc + 16a4 + 12h¢ + Oas + 12ac 
12abc 


__ 25ab + 380ac + 42ic 
Vals nee ee 
Exercise 54. 
Reduce the following to common denominators and add — 
me. a— 9 44 te ,at7 


Ans. 


2 oe ae uf 10° 
3a T 24— 3 4a —¥7 
2... : : 
Ya ee ap 
3 deb 2y 4 44 — 62 4 dy — 82 
ay. Lz 2 
$3 6 bp age 
Me Oe Oo 
2a : Aa? ie 6az 


+ 6 2y + 5 Su 7 

ys ake, (eae Riera” y y 

3 a 6 ie fae 
2. 4a 5 , 5a + 9 od — 17 


7 14 ‘J a 
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; ; Z 
3. Qa+36 rs 3a+4ce 4’ 2h +96 ! 
ab ac be ‘ 
gall 
“ 3m+ } a Am i ts 3— 
m m mM 
C1 x—5 e—4 , «t+ 9 
2 3 8 
Qy—5 , 38y—7 , Sy + 12 
Di As aD 
Oe eS eS OF 
eee ett ett 
2pq at Bqr- te Aor 
a+6 3x? — 4, 5 —— 2%% 
4. eat Atoka Se ee Te AS 
z e 2x? y id 


§ 57. Toadd or subtract fractions. 

We proceed as in arithmetic and reduce to equivalent 
fractions with least common denominator, and add or 
subtract the numerators. 

For Example :— 

Add and reduce to its simplest form— 
ome a ee a 
8(a—x) B8(a+%) 8a? +47) 

Adding the first two fractions first, we got 


- 


3a + Bata—a_ 4a + 2a se 4 


tei, 


8(a* —ax*) — 8(a®* —2?) AEs 

oe ola 
ag to this, we get $4 | 
(4a+ 2x) (a? +a?) + (a — x) (a? — w*) m 


8 (a? — x?) (a? +27) 
_4a* + daw? + 2a?a + 20% + a? — a? e — an? ae a® 
8(a* — a*) ae bees, 
5a? + Sava? + a?a + 32% 


ALA tT AA SS ts F 
8 (a* — a*) 
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Exercise 55, 
Add, and reduce to simplest form— 


pa. oe 
a+ 3 a— 4 
fs SS wo x? — w* 
CO ea teas 
A. 7 5 
Sg Steg hes 
a A a A ees 
a? + Wat 2] 2? +9~+ 14 vw? + 5a + 6 
Bae oo 
+5 «—38 
ogee Us 
ety e—y «+ y? 
ai bere 7 Te Ben ese 
Ya 29:5 46 3 
4 8 10 4 ‘ 
gy? —3a +2 2—a—2 2x? —1 
2x Qa 
ae. 1 — x” 1 + x? 
a+6,a—b, w+? 
2 aoe mehr ntl ot 
3 a __ 38y 2x + oy 
yb Qy e+ 4y 3x + by 
As 9 11 "a 13 
Ag? +8a+3 622+ 7e—3 Gr? +a—1 


Exercise 56. 
Find the value of— 


Al. af 3 . gs 
at asc aap 


e—4 


eae 


b 
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3g erey  «—ey Say 
 @—2y wt+Qy (x — 2Qy)® 
A. Aa eam; ut 4, .« 
3—62 3+6x 3-— 12a? 
—_— ji. * 
Sl er an oe 
4m? — 1? 2m + 1 , 
2. J até 3, “ 


9a—3b 4a? — 902" 


2 2 
a“ Z “z— aY — 22 
ETN kg OY eaieete Bieeas aCe, 


YZ Bz y 
fe 
aa+6) b(6—a) a 
C1 2u+ 5 det 4 . 
Za+4 Q44+5 
ey 
eye BY Ue ty 
pe Oo abla®, +. 6") 
tiie 6? — 2. abies 
e l 1 ee 
4. blind 


B(a—3) 6(a?—9)  3(a? — 9) 


Exercise 57, 


- Find the value of :— . 
A.1, tbe, 4e— 322 baz 922 | 
uz uz? ut 52 ’ 
2. 3 6 ; 


a* —Ta+ 12 ad x? — lla + 28 x*—1l0e+ 21 
3. 2—da_ 3 +a 4 2a(2a — 11) 
a+ 3 o—a Ga 
4 oe o a? +72 ah ; 
a*—b? a’ +h? b4—_a4 (a+) (a? +/%) 
XII 6 
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By 1: PCM AME NR. 
a2? —] 24+ 1 2a? + 3824+ 1 
6 4, 2 
D WREST ahs” SONI E Me ene SMe aN ee ee 
x? —ax— 12 Peg ls EP 20 
gi pt Oe 
ala? —y?) y(a? +y*) ay(a~*— y*) 
4. l 1 


=P) @ +7) | Ya) @ +a) 


3) a 6 
a io see. 
9 &t 2a «—2a - 6a? 
x—a eta x? — a” 
3: ea ee ee (Pid, ANNO ns GE te 
(a+ y) Wy —a) Be ty) wey 
A. a b "eis 


(@— A) (@—e) (@—0) 6—9) (ea) (8) 


Model Solution. 
Find the value of 


2a+y 2 ey oe a a 
(a —a)(a—b) (*x—b)(b—a) (#—a)(x—b) 
The L. C. M. of all the denominators is (a — a) (a — b) (a — b). 
Reducing to this as a common denominator, we have— 
Qa + y)(@=b)—(a +b + Vy) (@—a)—(@ + y—a) (a—D) 
: (a — a) (w—b)(a—b) 
= 2an4a2y—2ab--.by—ax—ba—ay +a? +ab4ay—ax—ay +a? +b%4by—ab_ 
(% — a) («x — b)(a—b) 
2a? — 2b 2a 


Vesa) eit) G8) Se) 
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§ 58. To Multiply or Divide fractions. 

Here also we proceed exactly as in Arithmetic, and re- 
Solve all numerators and denominators into elementary fac- 
tors, so as to cancel like factors and reduce to simplest form. 


For example— 
Multiply, reducing to simplest form— 
GF erode 80. at — 6g — (yak 5 
a* == oa 50 “a? —15a 4 56. g@ — 1 
Resolving into factors we get 
(a — 8) (a — 10). (@ + 1)(@a—7) a+5 


(a + 5) (a — 10) (a-—'8) (a —-7) -a5—1 
= dani Ans, 
a—l] 


Exercise 58, 
Multiply, expressing the result in the simplest form :-— 


pe San as 


2 a*+5a+ 4 a’? + Za+ 2 


a* + 7a+ 1¥ a? +2a+) ae 
ee x* — q? ay — 2a? 2? —az 
2" — Bar + 972 x? + ax (x — a)?” 


eg ot ra: ae ee om a tas Mae 
Bay Oey? + Oye 4 y®> — y*@—2y 


Za+ 1 ss a*b* + 3as 


Be gee as 
2 y?> + ly +6 y? — 121 
" y? + ly + 11 4? —— 36 
2. c? + 10c + 24 ee. yo 6 


Oo Me a6 ok Ga oe oe a 

w= e-AS a? a8 4+ 5at4 . gtty—o 
waist fh poe oo XE 
a + 3a+2 “ 44+3 x? —y x* —x—20 
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y? — lly + 30 u y® — dy 


CG. 1. aby +9 yh By 
9 a? —8a—4 . a* — 64 
‘a? —Va—8 a? — 16 
PR Ga eae a 2? — (rey) 
“gi y—zt tery 
ge a ea 
, Papo 8 op oe ee 


Exercise 59. 
Divide, expressing the result in the simplest form :— 


at — 810 b Qa2 — lla + 15 


A. 1. p35 OY ha? — 25 


y? + dy + 2 by 2 +5y+ 6 
y? +, 9y + 20 y? + Ty + 12 


| a® + 5ay—4y? ay 
at lL. ax* — 16y? Qu? + Say by 


yt -— Vay + x? y* 
a? — lla®y + 29ay? — 4y? 


5. 4 
if { (Sane fe 
8 6a + 9 B(40* 9) J 


ASq? + 44a? + 8a + 35 
Sa? — Ya 15 


Ay? +yt 14, Dy? + dy + 2 
" ~ 16y? —49 Qy? —y—1- 
a®—a?b—abh2—2h? b a? +2a?—138a+10 
~ a® +3a2h4+3ah* +228 y a?+a2—l0a+8 © 


85 

1 l 

3. | tae by + 
w(a? —y?) y(w? + y*) "\a@—y) | yluty) 


f Bee tbe 52a? + 67a + 21. 
ie SG yee af” Ay? + lla + 6 
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aL m*? —6m? + 36m 1 m* + 216m 
m? — 49 2 uy 42 
Ant + lla? + 25 
a* —9u? + 30% — 25 
( ata ome oh Dae )b wt— 4a?  x+4a 
a—2a «x? —4a’? y ( a*—2Zax 2«+2a /° 


{ x hi Ee aM } by 


5a? + Qa? — l5a—6 
73 — 4a? —2la+ 12 


oo 


ety § — y3 x& —y 


oF chit aot apt ok yt 
w+ ay oy 


Model Solution. 
Divide and reduce to simplest form :— 
pe == g0e- + C* = 0". 


a? + 2ab + b? — c? 
a? — Zac + c? — 6? 


a* —b* —c* — 2bc 
f ia Foy oC (b = ¢)? — "a" 
Given Expn. Peete a (go)! — b* 
_(a+bt+ec)(at+b—c), (a—c + b)(a—c—b) 
"(a-O + 0) (a — b —c) Wh =e= ait +a) 
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SIMPLIFICATION OF COMPLEX FRACTIONS. 


§ 59, All simplifications of fractions are ultimately 
reducible to the preceding rules. The following points, 
however, merit the careful attention of the student :—- 

1. Since a fraction represents the quotient of the 
numerator by the denominator, it is often convenient, in 
simplifying complex fractional expressions, to reduce them 
to the form of numerator + denominator, and simplify 
each of these separately before proceeding to the final step 
of division. 

2. The reciprocal of a fraction, that is, unity divided 
by a fraction, is equal to the fraction inverted. 

3. The signs of both numerator and denominator of a 
fraction may be changed. 

4. In simplifying expressions containing several im- 
proper algebraic fractions, it is often better to reduce these- 
all to mixed numbers as the first step in simplification. 

5. Continued fractions are of the forma af 1 ; 


1 
et 


e+1 

d. 

To simplify such, we begin with the lowest fraction. 
and proceed step by step, using rule 2 above, thus :— 


=at 
Aig eee 
cd +1 
d 
Sg fle ee ae 
ae d bed+éi+d 
cd+1 cd + 1 
cda+1l _abed+ai+ad+ced+ 1 


a ea ea bd+é+d 
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§ 60. In simplifying expressions, it is to be noted that 
if one factor of the expression becomes=0, or vanishes, 
the whole expression of which it is a factor vanishes also. 
We must, however, carefully distinguish between the vanish- 
ang of a factor and the cancelling of a factor by division : in 
the latter case the factor is merely reduced to unity : and if 
all the factors in the numerator and denominator of a frac- 
tion cancel, the whole does not vanish but reduces to unity. 


The following are Examples of simplification :—- 
: : 2a? GaN Aa? by 

1) Simplif ( eer) oe eee): 
(1) Simplify 4 53 es ie - | 
Since this is the difference of two squares, we have 

‘ 2a? b 4a” b 
G Rept 8 pe ee 

iven Expn {2/ 52 +5 |+ 7) . jb. 


2a? b Aa? a 
Of a NEE Pao? 2 2 
{ Ce te at 


g 2 s Q 2 
pa jhe 8) pa ee 4 8 


x 


Ra Oe eee 2 Re 2 
Bee af 2b 16a 
wee Ans 

luce  OSa2 he, Temes f (%—y) 
2 S Ly. Se SS SS 
Simplify p+q eee, Bae 

. 16 (x? — y?) | 
rip ge) 


In replacing the + signs by x signs there will obviously 
be one inversion of the Ist term within the square brac- 
kets, two of the 2nd term, and three of the 3rd term. 

Hence we may at once write 


Given Expn.— 63a? 15 (w+ y) x 4(e—y) 


p+q  14a(p—q) 5a2h 
Lip’ 9?) 
16 (x* — y’) 


__ 636 x 3__ 1898 


88 ALGEBRA. [ CHAP. XIII. 


Exercise 60. 
Simplify the following fractional expressions :— 


gee 
AOD - 
pei 
a a 
0 ee ei 
9 e—y ety 
: ee ake 
(w+ y)* 
a? 
3 a? — a? 
' 9? —ar+a? x + ax t+ a* 
x—u “ata 
Cc 8 ce \8 
l aur pio 
a* —c° et +o )"( 
= az + cu + c* a® —c8 
Vo 2 ee 
| py ee 
B. 1 9) 
Dame aa 
y 
(a+ - )x(s “ ) 
2 \ = B+a 
: a? + 6% 
62 — a? 
1 
a? —] 
3. 2% i 
oo ae 
4, SoU i ey Ce (2-2) 
eo yy ele 9) y 2 
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2 
©..5: Bee 08 
i Sy | 
re ee 
y 
2 Was 2y? 
+ oy + l= % 
a? 2a* 
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Exercise 61. 
A.1. Simplify2y— {y—(+y)—ly—(y—#— y)] 
+ 3a}. 
2. Find the sum of a+ b—2 (c+d), 6+e— 
3(d + a), andc +d—4(a + 4), and take this 
sum from the difference between 2 (4 + d)— 
3 (a +c) and b + 2c—2 (a+ d). 
3. Multiply $a + $b by a — 3b, and divide the result 
by ga — qb. 
4. Ife=1|l, y=—2,z=3, k = — 4, find the value 
oe tty? + ytz +k (a— y). 
10a—‘y + z)? 
5. Write down the square of b*? — 26 + 3, and the 
cube of a* — 5. 
6. Simplify_=*_ + 


v Bye ae 
yy 2 ye —gF 


— 


90 


.. Find the value of 
a 
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From the sum of $a? + 76% —Sc?, ga* + 36? 
+ 4c?, and 5a? — 1b? — 3c? take the difference 
between ga? + 4b? — ic? and 4a? — 467 +3i¢e?. 

If x«=),y=— 2, z= 3, k = — 4. find the value 
of /k* —4y + a? —y2e +y® +ath. 

Find (i) the quotient of a® — ab + 3,7 by a—7zb, 
and (ii) the product of this result by $a + <3. 

a” — Tab 120? {0% bab Ap 

a? + 5a6+ 66% .a? + ab —2b* 


W hat is the greatest quantity that divides both 
7y> — 1l0y? —7y + 10 and 2y® — y* —2y + 1. 

o ics 2 

4(e—a)® «2 + axe +a? 


Simplify 


If «== — 1y, find the value of 5 (a — y) —- 
2 { 3a — (ety) } +7 { (w— 2y) — (5a —2y) 5 - 
6 C 
her : I fe, Ga ee 
Add together 3a + 45 + 5c, a eee 
10 Cc 
at — 24 —3c: and from the sum take a+ b — 5 


Multiply 3a — 5a* + ta + 9 by ga” —a+t 3. 
Bat — 2a? + 7a* — ate 
6a*— lua? +212? —62+9 


Find the L.C.M. of p? — 1, 7p* + 5p — 2, and 
7p? — dp — 2. 


Simplify (Ss )( ot) pen 


Reduce to lowest terms 
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Exercise 62. 
A. 1. Simplify 4 [{4a—5—2 (3a 4) 0.4 2a 
2(3a—4)} +5 { 2a—3—(2a —¥a — 5)} J. 
2. Ife—=5,y=3, z= 1, find the value of 
Viay! + #9ys—2 We Fly oe. 
3. Divide a*y® — c(a* + c)y + c?a by xy —c. 
4. Show that (a—y) (wty—z) + (y—z) (y+z—2) 
+ 2 — a): (2 + ay) — 0. 
5. Find the G. C. M. of 5a? — 8x? — 3a — 2 and 
ou + 2a? — 33x + 18. 
5) l 3 2a+3 


6. oe 
Re ae ~ 6(@+2) 2a a(a—1) (a +2) 


B. 1. Ifw—, y = 2, find the value of 
ee + iy? 4 43 —ys 
ey Ray + y? 
2. Divide y* + (4ac — c?) y— (a — 2c) (a? + 3c?) 
by y—a-+t 2¢. 
3. If m= 2, find the numerical value of 
m2m—1 + Qmm-l + (2m — 1)”, 
4. Write down the square of $a + 4y — +z: and the 
cube of a + 24. 


5. Find the value of (a+6+c) (a+4—c)(a+c—b) x 
(6+c—a) when c? = a? +4?, 


a? ry 


—— / 
Ce ee ich x ( SH 
6. Simplif 5s a XK 98 4 ay +y? “—yY ery 
yo 
ae 


x 
Bree a). 
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ahah hiyath al: * lass (Fre) + 


5} + 30 1 Sar) |. 


Find the remainder when 5a*—7a? +3a?—a+8 
is divided by a — 4. 


3. Find the L. C. M. of a8 +03, 3a2—2ai—?, and 
a? —a?b + ab’. 


24 


» 


4, Express as the product of 3 factors (aw + by)* 
+ (4% — ay)? + (ay + bx)* + (by — an)’. 


Say? ety df any bt 
—y way 2a ty amy 


6. The product of 2 factors is (3a+ 2b)’ —(2a+ 38)? 
and one of the factors is a—é : find the other. 


5. Simplify 


Exercise 6S. 
A. 1. Ifa}, b= 2, find the value of 


AB Secedtue ollatere e 
2 (ba) 88 : . —1 {34 > (7a vy} |. 


2, Find the remainder when x*—32° y+ 3a? y*?—y* 
is divided by «* — ay + 2y?. 
3. Resolve into factors, (i) l0y? + 79y—8 and 
(ii) a? — 2ab — 3230*. 
4, Find the L. C. M. of 6p? — 18p* — 13p + 30, and 
8p? + 38p? + 59p + 30. 
5. Ifw+ty=1, show that (%%—y?)® = a8 + y°—ay. 


ty @ 4+ 24 8a? + 63ab + 706? 
6. Simphty ——— ree: wa? + Bab — 35B2 
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B. 1. Ifa=—25, y=1, z = 4, show that 


ie Ea Se ee ae Bll ae 
(@— Jy) (Vat | ES Sareea: 
2. Write down the factors of-(1) #2 +y?+ Qoy bat y 


and (ii) 3a? + 6a? — 189a. 


2 oe 
3. Sipipttiy ee fee eee o : 
Gat abhi 4( S| 

2 8 


5m? -—- 14m? + 16 


4.  Reducetolowestterms ——____—— 
3m? — 2m? + 16m — 48. 


5. Write down the square of 2a? — 3a — 4. 


a+ 4 a+ 8 
ee ee 

a? —a— 12 ea 10 ate 
Boe 1B) 


a2 + 7a+ 12 


6. From 


divide the result by 1+ 


Cc. 1. Ifa—1, y=2, z=3, find the value of 
(+e +e) xX tet oy + a) + ee: 
2. Find the G.C.M. of 2y? + (6a —.104) y — 30ad, 
and 3y? -— (9a + 5b) y + 40a. 
3. Factorise a® --- 4° — a (a* —67) + 6 (a—8)?. 


: ; (a + 1)? — (a—1)°. 


5. Show that”—¥ eo A )\-{ Poot ) 
wy ie ee Med z y 
is the difference of two squares. 
6. Write down the square of 3a° — 2a — 5, and 
the cube of $a + 1. 
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Exercise 64, 
AL Ape 7 ge and y = « — J, show that 


a 


bo 


Resolve into elementary factors 
(i) # + 8a?y + xy2— y3, 
(11) a> + wy —3ay? + y3. 
3. Write down the square of x? —3z? + 2x — 1 
and the cube of © + * 
ees) | 
4. Find the G.C.M., and also the L.C.M. of 


21a? +8ab—4b?, 49a?-—402, 21a? —20a}+4b2, 
and 49a? — 28ab + 422, 


5. Reduce to the simplest form 


(a =O) (ee ed + OF ley a® — }3 
ae + 23 (a+b) (a? ah eye 
6. Take the sum of 2x" an a pratt es tas aA 
u+i —l x-—l 

2 een gj ot ed 

and multiply the result by Lager “2— 1 

Lc x— | 

ql es Se eel 

We a) ee 


B. 1. Ifa+é+c=1, show that a (d+c) (42+c¢2 — a?) 
+ 6(e-+a) (c? +a2—b?)+c(a+b) (a2 +b? —c?) 
= 2abe. 

2. Resolve into factors (i) 6a? + 29a? + 26x —21 
and (ii) a? — a?4—ab? + b8. 
3. Write down the square of } #2 +a+4 
and the cube of 2a + 44, 
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b a 
4. § DEE ee 
oy ee a—é+e c—b—a 


5. Find the G.C. M. of a°+4a4+ 623 + 10x? + 5a 
+ 6 and a6 — 2a5 — 2a4 — 4a3 + v2? + 6m. 


6. Simplify ‘ ds ae ~— ee oe — 7) 


ios tie a* — y?), 
za 


Cote as a find the value of 


fo (2? fa) ,a—l 
e : 4, (ee is 


2. Divide p> — 2p* — 493 + 13p? — 1llp— 7 by 
i op tt. 
3. Multiply ee ee eae ty 
— a*y — day? — by? 
oe + 18a?y — L5ay? — 126y? 
ary + bay? — Ty 


4. Write down the square of 3( ; a : ieee and. 


the cube of ( 3-3) . 


5. Resolve into factors 
(i) 2a — a?} — 2ab? + B 
(ii) (w + y)® + 3ay(1—a—y)—l. 
6. Simplify 
oe + y3 


2 — y? ary 2x +t 
x{ y ety wy—y 
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Exercise 65. potas 
A. 1. [fp—3,q=—5, r=7, find the value of p?—?—pr—* 
+ Vr? + 30. | 
2. Ifa, 6= 14, «=, find the value of 
a—([2b+5 { 3c—3a—4(a+ 6) } ]+2a—6(6+3c). 
3. If z—a+ 2, and y—x«— 1, find the value of 
wry? Zz? Moke a2 y? etl 
Es a Oe ee 
aryz—— + ( u7—— ) 
y : y 2 
4. Addl2 { £b—4(c—ta) } ,4 { (2a—3b)—(6c—a) } 
and 16 { 2a—3 (—3c) } and multiply theresult 


by $ a+ $b. 
3 2 
5. The product of two expressions is a + i nt a 
+2; if one of them ist — 5 —1], find the other. 


6. Factorise (i) 2a? +a*—2a—l, and 
(ii) 6a? —7a? +1. 


B. 1. Ifm=—4, n= 3, s = 2, find the value of ns-—s» 

+ Vm? +3n+s. 

2. Ifa=1,4—2, «=, y=) find the value of 
a —[Ba—5b— { 7a—9b—lla—(13a—153—17@ 
—19y) } J. 

3. If p= Ol, q = ‘002, r= 012, find the value ot 
PPG? oat ae 

4. Take & (a? —2a—l) —4 (22 —7a-+ 4) from 12(a? 
+ 2x) —21 (4a? +a—4) and multiply the result 
by 2a? — 2a— 1]. : 
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Exercise 66. 


5. 


A. 1. 


4 


ae 


a 


fe 


GENERAL TESTS. 97 


The product of two expressions is ¢a® —4tat4 27938 
— $52°—12 a + 9; one of them is 3a? —a + 3; 
find the other. 

Resolve into factors—(i) 2y? -— 42? — y—38; 

(11) 63 — 7+ 6. 


eee 


Find the value of m2"—1 + Qmm™—1 + (2m — 1m, 


where m = Y. 


If a=3, 4 = —4, find the value of 
| (2a +4 4a—5 )—24 2a—b (ba —75 
a! ( ea 7 “P {a 


HL so) R] 
(3 an? . 


If 1 = ‘02, m =°08, n =°], find the value of 
li? + m*? + 3lmn — nn’. 

Pake $a — y—3 from the sum of y + 3 — ia, 

"3% — sy + land 2 + 4y—+and multiply the 
result by « — Sy — 8, 

The product of two expressions is 120 5a4—3198 
— 3% + 4% and one of them is 322 —# +4 1; 
find the other. 

Resolve into factors—(i) 9%? — 9% + 2; 

(ii) a* — a? + 8a—8. 


Mitagy 8 — 2a + Ste Trois 


da — 4 
SEN a ates 
1+ 2a 
: pee ae 
- Multiply - by . 


XII 7 
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pice eee: He 
yz em ny ™ id Yom 
_. 15a? + llay—l4y? | 140%2—3ay—2y* 
Multiples ee ee st 
ne Det + ay — Loy? Lata Sey 
2 Rane rd 1] l a—— 2 
Sinplty 2 
imply alg yo a | ateeeennl 
as a+ 2 ) 
ee tee le 


a®? — 2a*—5a— 12 
4 5q3—]la?—5at+4 


Reduce to lowest terms é 


— 


Multiply 3 + —_ 2 — by 2 — z 
ED y* — 4y ee | y y? —3y-—10 


- a toe. a ee a 
Multiply 1 + 5 ae 3 Ser eg a Has 
Divide the difference between ,a* + $a + 4and 

a? + %3y2 by the difference between {a* and 
2(gw + Mt 


—— [0-70 4a? + 4a — 48 
—a—40- 7 Bat + ha 80 


Neste 5 = 


Add together 
1 Qu ata i i 
x? + 3a+2) x? + 4a 4+ 37 yw? +5 +6 


If m =n + yn? — 1, show that m + tae 
m 


6n° 62° 
- Multiply Md. la me Lon 
ae a ae 
. Divide th duct of 3—2 at. % Be. 
ivide the product o aand;—aby 55 +3-- 
. Multiply 6a? ay ley? : 6a? + 7ay—20y" 
6x? +23ayt+20y? © 12%?—l6ay—s3y? 
‘Simplify 2 1 
Pn oa? +1) Ble +1) 3@?—ae +N) 
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5. Multipl aac 4s ‘Jas 
0 PY ate * ae +08] PY Gea BEs @EEBDP 


6. Tig == 1. Pet goa z = 3, find the value of 
(2a + 3y + 2:)3 - -— 8y V5? —4y* — 93 — ]o, 


Exercise 67. 


1 
A. 1. Find the value of ae sees 
Po ph pe ye 


l 
” HY GF) Fa) — (a? —a*)(a® +07) 
Bod 1 l ] 


2 Divide de ye cae 


ak 
xe y* 
83. Simplify zal : Ben ) 
earn UT; ee Q@+ Va? —b2 
4. Resolve into factors (a? — y*) 2+ (y? —2*%)a t+ 


e — #* Jy, 
5 If 2% = 2? + y? show that 

(tyre (w+ y— 2) (@-+2—y) (y+ z-—-@) Aa 2y?, 
6. Show that 4a* — 4y? is a factor of 

(@* + ay — y*)? — (a? — ay — y2)2, 


B. 1. Resolve Oey factors at —(b+ clas + (2 + ec) 
alc — b*c' 
he e 8a’ 2a 1 
CE ame ape A gay 
3. Reduce to lowest terms wy(at + b*) + ah(a® + y?), 
wy(a® —b*) + ab(a®—y?) 
4. If y=a —1, and z= yz + 2, show that 


Mgt ge ata 2 gD 
z* yz any Ea a oe 


Zz 1 
2 OE ad np 
x YZ Sty (a a 


a. Bipiplify ———.__ 
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(a — b) (a? —ah +b?) ) 
hd a ae 
a? sists b3 
(a +b) (a? + ab + b* 
6. Simplify the fraction 


5. Divi das 


l 
Cs) La ae a 
a ey 
C. 1. Resolve into factors 15 (a+6)? + 14(a+ 6) (@+ y)- 
— 8 (x as uy. 
” : a” Ve We . 
2. Sim plify aes pay ial APOE CV late sara 


(a+b+e)*—(a—b—c)? 
Qa(b?-+2be+c%) 


. . ate ee ae 
Add toge (a —b)(a—a)  (b—a) (@—B) 


3. Reduce to lowest terms 


Si x+e 
(w—a) (a —b) 
fs l+a Aa 8a gee} 
5. vid one ce os een 


( 1+ a’ i dat) > eee ) 
1— a? lL. 4.0% 1+ a 
6. Ifa=2, b= 3, c—4, «= 23, find the value of 
be(a+ a) ac(a+b) ab(a-+c) 
(a—b)(a—c) | (6—a)(b—c) (ea) (00) 


f&xercise 68. 
A. 1. If a=i, b=0, c=— 3, d=— 1], find the value of 


ca — ab i—- Ct 
a?. a az + c? 
Cc? C 


2. Divide 1 + 2a by 1 —3a to four terms of the 
quotient. 
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3. Resolve into factors 24a°y? — l4ay? —- By! 
‘ eG Zhe 2 2a® /136 
4. Simplity 7 Hee, + | ie Be —5)—9. 
5. Hind the L. C. M. of 4a* + 4a3 — 8a2, 6a?— 12a4 
—— 180%, and a7. — 3a — 18. 
6. IfA=2+ y,B=—2— y, find the value of 
A+B_A—B 


- 1. [fa=3, find the value of 2a¢*+1 — (2a) «-1 — 
3 (a —- 1), 
2. Divide | —2y by 1 — y + 2y? to 5 terms of the 
quotient. 
3. Simplify. 
ab ath ai+f3 RL a ee hs 
replies motte aot: 
4. Find the G.C. M. of 6%? —- 19%? — 16a — 3 and 
2a? — ila* + lla+ 6 
5. Multiply ga + gy + 32 by 3a -—ity + $2 
6. Resolve into factors 7542 — 35a3 — 10a*. 


- Ll. Divide 6ayz fl pee ce. b a + abe . a 2y 
ay i a 


2y G 
is e° | ) by the product of a—a and 2y—b. 
ae into factors aha? — (a* — b2) « — ab. 
3. Simplify 
| __ a? — ay gee i 8) 4 (<—* — wy ib 
y— @ | y-— x yu 


4. Find the value of +. nH ah = a 
a*(a 12(a*—b 
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A42aty — Ta°y=— Tay 
28a3y3 + 42a? y4—28ay> 
If » = 4, y = +4, find the value of 


Reducetolowest terms 


Exercise 69. 


A. 1. 
2. 


Resolve aa? + (a + b) x + 6 into two factors. 
Divide 5 (8a* + 2)— 9a (1 — 3x) — 138a3 + Ga? 
by 5x? + 2— a. 


: ‘ lL Teh l 1\ 
Simplify ( 2+ - : ie y—~ 
implify(a+>) (yt2) + (2 ~ | i] } 


y’ 
If a = — 3, b = 5, aw = — I, find the value of 
3a \/3ab + 46 — 2ba Wa —5b + 120. 
pe eas nate ya. 0+ J find the valueot2t¥—, 
ab+ \’ ab+1 — Yt 


Bice ee hee 
Find the valueof ” ur “oS — te 
Pasi at*+a  a%—at+l 


Divides? 4: ty-2-% = a byy? +24 4. 


y? 


Find the value i Eee (a Dae 


(ath btepebay 
C b 


Resolve into factors ab («#* — y*) — (a? — b?)ay. 


Simplify 2—6ab + 9b2 : a : asi 


—4ab+4b2 ~ la?—4b?* a2? —ab—6b?2 
{lf 2a* + 243 —- lla? + 138% — 3 and 224—273 — 
5a” + Lla—6 have a common factor, resolve 
each into its factors. 


A, In -—— 5 11 — 2a? 
Add together SHELLS AES RE EN SHS NN Sa 
= Ot La aw ee ee a+] 
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C. 1. By what must we divide 36y — 23y? + 12y* + 8 
to give quotient 3y* + 6y + 1 and remainder 


rs i oa A 

2. Ifa= 5, 5=——4,x—— 1, y=0, find the value * 
of abuy — Via — 2a + 3b -— On. 
a eat oe ] l 3 

3. Simplify (2a—3y)? + | na ye Baty? eae : 


4. Resolve into factors lla? — 54ay? + 63y*. 
5S. Simplify, without multiplying out, 
(4 + c — 2a)? — (c + a — 24)? 


(a +4 + c)® —(a + b— de)*° 
Age? 


Cr ito ach 4s 92) wy find the value in terms of x of 
Vi-a+{(lL +2) ¥at+ vi—a}. 


exercise 70. 
A. 1. Which is the greater, and find the differenee 


~ - oo ~ oe 


2 
between (2? }* and 92" 
2. Resolve into factors 4ah2% —2(a? + 6? )uy+aby?. 
3. Show that the difference of the squares of two 
consecutive even numbers is 4 times the odd 
number between them. 
4. Simplify 
9b? —(4ce—2a)? — 16e? —(2a—3h)2 4a? — (345 — 4c)? 
(2a+ 3b)* — 160? * (85-+4c)? — 4a® * (do¥2a)® —967° 


5. creme eZ ee a PE AS Se, i 
lf a 1, find the value of a 9 + 3 4 + 5 
correct to 5 decimal places. 
6. Dividea+6a by c — dx to four terms of the 
quotient. 
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Simplify 22° + 2 (22) . 

Resolve into factors 7x? + 960% — 1052. 

Divide «*—y* by the difference between (1+ 2°) 
+ (1+ a)?y + (1+ ay? + y? and 3x(#+ 1) + 
Y(t La ay aed, 

a. —7(b--¢)” ae ap oe 

(a+c)?—b? ' (ath)? aa c)?—a?" 

Find the difference between the cube of the sum 
of the squares a and b, and the square of the 
sum of their cubes. 

Show that the cube of the difference of a fraction 
and its reciprocal is less than the ditference of 
their cubes by 3 times the difference of the 
fraction and its reciprocal. 


Simplify > € 


Resolve into factors ax* + (a — b)a — b. 


y ai eo: ree b 
Simplity (= + b\ (e452) (24) (52) 


Find both the G.C M. and L.C.M. of 49a? -— 4b?, 
Pla? — 20ab + 4b?, 49a? — 28ab + 4b?, and 
2la? + Sab — 4b?. 


(x—y) (yma )rlymz)nm)t ek) ae y) 


Simplify 
implity x(a) +90) + 2) 

Write at full length the four products of (a2 b} 
by (cw + d). 


What number must be added to a3 +a?—4(a+3). 
that it may be exactly divisible by a — 6? 
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ANSWERS TO EXAMPLES. 


Chap. l—INTERPRETATION OF ALGEBRAIC 


Exercise 1. 
ki 

A. 20. 
oe 

C2,  LbY: 


Exercise 2. 


a: 
> ae Sp 
Be. 3; 
.°20: 


Exercise 3. 
1. 

A. 52. 

Bp. 10, 

C. 35. 


Exercise 4. 


1 

D. 
B. 9. 
C. 4 


SIGNS. 

a 3. 
7008. 39. 
12480. 496. 
6400. 937 

2. 3: 

18. gy 

18 es. 

26 228 

2. 3. 
+8, Q. 

36. ras 

34, 66. 

2. 3. 

9, To: 

a> 14. 

0 6. 


Shoe 
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Exercise 5. 
1. 2 3. 4. 
A.zty—x 6ea+7y—9%z. 3a+45—5¢. ab=—xy. 
B. 32+ a—y. 66—Va+3c. 5y—2a—4-. pm=—rs. 
C. by + ax. 9b6—4f + 3d. 3b—l0a=d—2c. 2d + 3abe. 


Exercise 6. 

A. 1. Twice a diminished by 3 times 4 and increased by 
4timesc¢. 2. Twice x increased by y and also by p times a. 
3. T'wice a diminished by the half of b, and increased by ce. 
4. Three times the product of b and c diminished by four 
times the product of a and y is equal to five times the pro- 
duct of b and z. 


B. 1. Four times p increased by twice gq and diminished 
by five times 7. 2. Three times y diminished by four times 
«and further diminished by twice <. 3. Nine times a 
diminished by twice d and increased by half x. 4. Four 
times the product of b and y diminished by twice the pro- 
duct of @ and « is equal to nought. 

C. 1. c increased by four times d and diminished by twice 
b. 2. Three times y increased by five times z and diminish- 
ed by eight times x. 8. One-half c increased by d and dimin- 
ished by ais equal tonought. 4. Five times the product 
of p and g diminished by twice the product of x and y. 


Exercise 7. 
1. 2. 3. 4. 
A. i,—a. « + 20. 7ax. y + 12. 


B. 20%. n+2,n+4,n—4,n—2. A.a+y,B.a—y. m+ 10. 
C. 306. atlat+3,at5a+7. r—p. 30—3x. 


CHAPS. 11 & UI.] ANSWERS TO EXAMPLES. , 10¥ 


Chap. II.—ADDITION. 
Exercise 8. 
| 1. 2. 3. A. 
A. 18x + 12y. l4a—10y. 65 — 2a. oc + 7d. 


B. 16a + 15b. 17m — 6n. 6y — 4a. ob — 3a. 
C. llm+1ln. 18¢—Qd. By — 4a. 2m—1bn. 


Oe eee 


Exercise 9. 


1. 2. 3. 4. 
A. —2a+ 4. 40 — 5y. 8¢ — 18d. mechan’) lia mae i 
B. a — 8y. l2p + 10s. —Va+8b. 2x — 18a. 
C. Sp Fe. —oa+b. —l4xe—B3y. 18x — 2y. 


—— 


Exercise 10. 


A. 1. —a? +76? — 2c? — 16d?. 2, 4ay+26yz — 10az. 
3. 1l9abe — 22bcd + acd. 4. 2u?y + xy? + 7x y?*. 

B. 1. x — l6y? + 42z*. 2. —17pq —16pr + 5qr — 5qs. 
3. 6uyz — 2x? y? z? — day? 2 — Days? — 8x? yz. & Sabcd — 
8ab?c?d —a*hed’. 

C. 1. Imnp—25m?n?p?—Tmi nsp*?. 2. —8alp-—3a?b? 
+ 17a’ q*?—967q?. 3. llawyz—Vbx? yz—2cayz?. 4. —Imup? 
— Im? np + Tmn*p + 3m?n? p*. 


Chap. Il1]._.—SUBTRACTION. 
Exercise 11. 


E- 2. 3. 4. 
A. —2b. a—2y—2z%. b+e. — 2b —c. 
B. 2y. e—3d —-2f. y+ z. da — 2c. 


©. -—d. p+4q—2r. 9p + 9r+ 3s. — 2p —gq + Qs. 
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Exercise 12. we 
A. 1. 3xy + 12a2—9yz. 2. 2n—9q + llr. 3. 46-17. 
4. dpg + pr —- 2lgr. 
B. 1. 2a + 56 — 2c. 2. 3p —9q + 2r. 8. oo ae 
—AByz. &. ay + daz — y:. 


C. 1. p+4q—3r, 2. 38y—382. 3. ab — 13ac+2lic. 
4. 30° + 36? --*c?. 


Chap. 1V.-EXTENDED USE OF + AND — 
Exercise 13. 

A. 1. Scows, 8sheep and 9 horses. 2. 22 men, 2U women 
and 18 boys. 3. 26 pounds, 2 shillings and 10 pence. 

B. 1. 29 chairs, 9 cots, and 15 tables. 2. 232 rice, 116 
ragi, and 90 chcolum. 3. 1920 i Ma 764 cavalry, and 
540 artillery. 

C. 1.024 el. I, 32 cl. I], and 33 cl. III. 2. 64 soxs., 29 
ers.,and 31 shillings. 3. 11 first, 48 second, and 575 third 
class. 


Chap. V.—THE USE OF BRACKETS. 
Exercise 14. 
1. 2. 3. 4. 
A. w+4y +22. a+ de. 8a—9y. Ilm— 12x. 
B. a+b+8ce. m—3n+10p. 32a— 41b. 21la— 19d. 
C. c+ibd+1le. «+ 2y—7z. 28a— 13d. 27a — DY. 


ee 


Exercise 15. 


1 2. 3. 4. 
A. 3. Ax. lla — d4y. — 36m + 44n, 
B. 6. — a. lla — 168. — 43% + 12y. 
Cc. 9 om. 6m + On. — 43a + 942. 
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“Chap. VI—MULTIPLICATION. 
Exercise 16. | 

A. 1. 6aba® ;—12a%y? ; 24a°btaty®. 2. 24p*q°—18p°q* 
+30p*q*. 3. — 9a°b%c* + 6a*b?c? + 12a7b?c? + 180727 c%. 
4. — Qhgty? 2° —18ety? 24+ 42e%y? 2* — 108a*y?z*. 

B. 1. 12p?a* ; — 2u7y*%; 40a°b*a>. 2. — 60h? cc? a® yz 
+9a*ictay? 2 — 12a? be*ay?2*. 8. -— B5a%aPy? + 2lataty? 
+ 14a4a:%y? — 28aaty®. 4. —8p*q? aty? 22+ 20p%q? x? y*z 
ee 12p°q° 3 uz? sok 4un* gay °2* 

C. 1. 45aty% ; —12p° x y* ; 28a°b? wy. 2. —l2ariaty2? 
+ l4ab? a2y* 23 + Gabe? a2yz*. 3. L0p? gq? a* — lop*q?atz? 

-— 20p*gia®, 4. — 24a°btx>y* + 30a*b a7 y® + L2a*b4 a7 y* 
+ 15a*b>a%y?. 


Exercise 17. 

A. 1. 6a2+234+21, and 20a2+182—18. 2. 8a°+ 6a? 
+a+15. 8. 1523 +2a2+372+36. 4. 2a* — 8a° +140? 
— ]4a+ 4. 

B. 1. 1222+38a+ 30, and 14a? — 22a —12. 2. loy® — 
16y2+25y— 14. 3. 14y?+9y? — 2y+24. 4. 8p* — 24p° 
+ 26? — 16p+6. 

C. 1. 6y2?+ 3lyt+ 40, and 20y?+2y — 42. 2. 122° — 17a? 
+420 — 27. 38. 12p? — 40p?+10p+28. 4. 6a* — 290° 
+ 18a?+ 39a — 14. 


Exercise 18. 

A. 1. wt — 2?4+2xe—1. 2. 18a* — 45a? + 82a? — 67a 
+40. 3. y® — 3y® — 3y* + 13y3 — 6y2?—6y+4. 4 x*+ 
ary — 9a*y? — 23ay? — 10y*. 

B. 1. pg + pq + 2pr— 2q? + 7gr —3r?, 2. 3a? + 8ab 
+ 4/2 + 10ac + 8bce + 3c% =0938- m®> — 5m*® + 5m? -- 1. 
A. 4aty? + 6u* — 5a3y — 4y* + Llay’. 

C. 1. 445 — a2+4a, 2. 3Bpt*414p?+9p+2. 3.4 ° — 
hath + 40312 + 4a2b3>—17ab4-—12b°, 4. 6y4+ 5y3+6y2—17y+6. 
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Exercise 19. 

A. 1. a + 4a* + lla? — 15a?— 56a £15. 2. 6y* + 5y? 
+ 6y? — 17y + 6. 38. Oy* oye — 25y? + 3ly? — 1By + 2. 

4.a° + a®l2 + a2s3 + 55 

B. de 3a? 239302 b+ 27 02h: * 7 B4ab? ee 25k oy 
+ Livy? + 34y? + 52y* + 40y?/ 8. 1625 + 1602 y— 3023 y? 
+ 55a2y? — ay* —36y>. 4. ye — (a? + 2b) y3 + cy? + 
(67 — ac) y — be. 

Cc. 1. 6y5 — Tvy* + 21y? — 17y? + 9y -— 2. 2. 36+ 73a 
+ a° — oa? — l5a*t — 180°. 3. 27a7 + 5lao+4e5 —— 58a4 
+ 5545 — 132? + 38% — 24. 4. 25 — Qaz4 + (a? + ee 
(205 + ¢) 2? + (ac + 6?) z — be. 


Exercise 20. 

A. 1. a+ (b+e+d) a% + (Bc+bd + cd)aticd. 2. 30%3 
+178a?y+ 328ay?+192y3. 3. 216a* — 486a? b — 528a2b? 
+ 1482ab* — 420b*. 4. a> — ate+a8a? — ata? +an4*—2°. 

Bela? + (pty + 2)e + (ys + py. + pz)e + pyz. 
2. 120a3 + 388a%c + 368ac?+84c3, 3. 432a4+ aaa ae 
— S64ay? + 360y*. 4 c#a* (a* + y*) — a®y? (c*:+ af). 

a6 Lm? + (n + p + q) m®* + (mp + nq+ pq) m+npq. 

- 90a — 327a¢y + aes — 84y%. 3. 120a* — 286a3 b+ 
a + 41406° — 216d. 4. 360+78e — 35a? —4a3 +24. 


Exercise 2]. 
AL det —fenty + aay + yt. iP op — oe 
3. 4m? —28m2n+ Lmn? — 103. $03 +3 a2a + 3! sat} Paha 
Bl. 243 a gab* — $13, 2. 2y3 — Lay? +osa2y 
A has Po —seP 9+ 33Ry 39°. & 508 — fa? + dat. 
C. 1. bid ety 8 gmn*—sn*. 2. 14% — “ec 
—ay?. 8. 3a5— sab — fab? +25b. 4. 23 —2p%q4 Sng? 
1938, 
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Chap VII—DIVISION. 

Exercise 22. 

A. 1. 3a?x? ;— 2absy*. 2. 34*— 443 +222. 3. Ba? + Qa 
— 6. 4. 3ax% + 6ay + Taz. 

B. 1. 5ac?a? ; — 3l8cy*. 2. 4y? — by? — Ty. 3. Ty> — 
Ay? + 9y, 4 4a?x? + Saxy + 4y?. 

C. 1. 3a*6?a3 ; — 2a7h?x>. 2. 8a? — Ta? + 6x. 3. 43 
—-3m* + 4m. 4. 2a?x? — 4axz + 227. 


Exercise 23. 

A. 1. a8 + Qa + Qu + 1. 2. a8 + a%y+ ay? + y8. 3. 304 
—4a*? + 5a? — 6, 4. $22 — $a — #. 

Bot. sao} 7a? + Se + TP 2. a? + ath + ab? + BF. 
3. 40° — 64° + Ox? —2a+ 1. 4. $0% + Bau + 202. 

C. 1. 3a? — 2ay + 4y?. 2. p®? + p*gt+pq? + q3. 8. 525 
— 3xu* + 7a? —4a +9. 4. 80? — ax — 20%. 


Exercise 24. 


1. 2. eae 4. 
A. «+9. ac + 16. 2+2a+a?, — j.a?e?+124, 
B. 24+ 10. 13— ac. 2— 2. —fa—i. 
C. Qay+ 8. «+1. a — 4. t— wy. 
Exercise 25. 
x? 
1 ee eeees 
ae 6 a a a z. 
3. 14+2¢+a2—a? (l+2at+a?)+he. 4. re os 
b ah? a? 3 
1 
ght + &e. 
* 2 3 
BH, 1: Ce ee a Ok ho, gis ee 
x 22 15 a lees SA a ee 
ee gc. A. 4 by 4b? + dy? 
C. gn om aes esd Y oy’ + vay 


+ &e. 
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‘I ue? a ae l 1 ] ] 
CG: 1. ~~ ee “fh tai Se ++ &e. 2. = = ot aa + aps; 
b a a> a? “ A tod A 7 a 


+ &e. rca a reo Ua i 


ie pe 
2°? + &e. 


—we.4 L+at 2a? + 


Chap. Vii—MULTIPLICATION AT SIGHT. 
‘Exercise 26. 


A. 1. a? + 20x + 99; and a? — 2a — 24. 2. a3? + (3a+28 
+20) a? + (6ab + 6ac + 4bc)x + 12abe. 3. y? —5my2— 
Qm7y + 24m. 4. a3 — 24a? + 191le — 504. 


Bl. a? + l4e + 48; and #? — 7e-—30. 2. a® + 12m2t 
+ 44m?x + 48m%. 8. y? — 8py?— dp2y + 84p3. 4. 33 — 
2(a+ 4+ c)s? + 4 (ab + ca + bc)s — Bade. . 

C.1. y? + l2y + 32; and y? —- 5y — 66. 2. p? + (Qq+4 


Bu + 4s) p? + (gr + 8qs + 127s) p + 24qrs. 3. x® — 12cx? 
+ 39c?2a + 28c°2. 4 a® — 6a? — 37a + 210. 


Exercise 27. 

A.1. 9a? + 25y? +. 30xy ; 16a* + 49y* — S6ay. 2. Wy? 
— 18; 4a? —92?, 3.1 + 4a + 10x? + 12%? + 9u+; and 
} 40 — 2a? de? Ont, 4 at a yt aye. ge 
a? — 2% — 1. 


B. 1. 16a* + 9b? + 24a6; 9m? + 25n? -—30mn. 2. 
36a* — 100? ; 9y? — 16c%. 3.1 + 2y + 5y?% + dy? +4y4; 
and | — 2y — 3y° + 4y? + 4y4 4. at + b* + a2b?; and. 
a — by? + 1. 


C.1. 25y? + 9u* + 30ay; 64a? + 16% — 64ab. 2. 9a? — 


l6y? ; 25p?—-49*. 3. a* + 6a3 + 13a? + 12a + 4; and 9x4 
1848 + 3a*° + 6a + 1.4. a*+a?+1; and 9b¢ — 158% 4+ 1 
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Exercise 28. 

A.1. 8x3 + 36x2y + 54ay? te avy? ; and 2743 —54aq%y + 
36ay" — 8y?. 2. 27m? +6403 ; and m3+1. 8. qs — q223 
ead peer 9°. 2 eo a” and oe 47? 

B.1. 640° + 96a°b+48ab+8453 ; and 8x? C+ 34ac*% 
sate”. 2, 1200 Pol y* = and P=), 68.48 —p*; and 
2%7c° —8d*. 4. a° + 6455; and 1—p?. 

C.1. 1250? +225a°%+ 135ax2 +2723 ; and 27y? — 108y? 
+ l4dy — 64. 2. 8? + 12593 ; and 27p? ae 3. 64an° —97- 
and 27y° + 8 4. es ; and m® — 1. 


Chap. 1X.—DIVISION AT SIGHT. 
Exercise 29.' 
A. 1. ae Beye ie. and ta? + dy +2 


] 1 l 1 
3. 2 — Sy? +aty* — OIC So ee ee 
y ayo ty? ; an yet eet 


Ee 
4. 27m? + 36m?n +.48mn? + 6473. 
B.1. 9u — 6y? ; 5m?+7n?. 2. a6+3a4+4992 +27; and 


1 nb: aaa 1 Som? 4 ey a l ] 
HN aac m* romp eee 
> Pq q? m °p m pe ay id ) a2b3 ae bé 


4. 8a°a? + 12a?a* by + l8aalh2y? + 2758 yes 

C.1. 2m —3n? ; 6a? +5h2, 2. 43 + 2a? y+ day? + 8y3 
and pt2q. 3. m'? +3m®nt+9m*n§ +2702. and 2° — 
ashes + at pio 756154 520. A. 9 “pg ue +1; and 
p6 — x*y* + uy? 


Exercise 3O. 

A.l. 4a* — Bry + Dy?. 2. a? + b? Le Of Sy 
3.m* +m? +1. 4 m+m? +1, 

B.1. a? + 2ab + 40%. 2. a% + dy? t+ 1 — day — a — 2y. 
3. 4a* —2a+ 1. 4. 4% + m*% +4242 — mx — abe — abm. 

C.1. 16p?+12pq+9q?. 2. x2 + y? + 4 — xy — 2x — Qy. 
3 9a%+3a4+1. 42% +4? +922 + wy — Be: 4 Bye, 

XII 8 } 
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Chap. X.—FACTORS. ~— 

Exercise 31. tits 

A.l. 3x(@ — 5). 2. 4m(m? — 4m — 2). 3. 3a* (8a? —a 
+8). 4: 5a3a3 (a5 —3a + 5az”). 

B 1. 4a3 (1 ~3a?), 2. 9a? (1 — 2x? + 3a*+). 3. 5p*(2p* 
+ 3—4p). 4 6a%a?(a? + 2x? — 3aa*). 

C.1. 65° (1 —3b*). 2. 3at (a— 4+ 7a’). 8. 7ab* (a? 
-— 35% — 5a7b*). 4 5m?n* (1 — 2mn + 38m?2n?). 


Exercise S2. 
A.1l. (a+ 28) (c+ a). 2. (2 —m)(a+4). 3 (yt). 
(y> + 2). & (p? + 9?) (a? — 4). : 
B.1. (Qa +6) (a+ y). 2. (@—5) (w+ a). 3. (by + 5) 
(y? +1). & (2% — 3y) (C2 — ay). 
C.1. (3a+c)(m+n). 2. (4+ 6) (a+ 5). 3. @y—]1) 
(y®' + 2).. 4 (6 + ac) (ay —z). 


Exercise 33. 

A.1. (m+3) (m+5). 2. (wa+4a) (@+6a). 3. (y*? — 5) 
(y? — 6). 4 (a@* + 34) (a? + 25). 

B. 1. (p + 6)(p + 2). 2- (wn — 5) (n — 10). 3. (a? + 7a) 
(a? + 4a). 4. (¢ + 8) (c + 4). 

C.1. (#+8) (+6). 2. (m? — 4) (m? — 1). 3. (a — 104) 
(a — 3b). 4. (ab — 5c) (ab — 2c). 


a ee 


Exercise 34. 

A.1. (~?+7) (#7? +8). 2. (aw — 11) @+4). 3. (w— 6a) 
(» + 7a). 4 (p— 3m) (p + 5m). 

B.1. (a — 9) (a —6). 2. (y? +10) (y? —- 3). 3. (y—- 4ab) 
(y + 2ah). 4 (m — 2na) (m + 8nz). 

C.1. (w— 3) (%—8). 2. (ayt+7) (ay— 4). 3. (p+3qza) 
(p — 2qu). 4. (ma — By) (ma + Qy). 
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Exercise 35. 

A. 1. (a+ 1) Qa+ 1). 2 (m+ 3) (8m + 1). 8. (w@ + 2) 
(Sa — 1). 4. (a —- 7) (4a + 6). 

B. 1. (a+ 1) (8a + 2). 2. (m+ 4) (2m 4+ 1). 38. (a — 4) 
(2% + 3). 4. (a — 8) (5a + 6). 

C. 1. (a + 2) (2a + 1). 2. (m + 2) (8m + 2). 3. (a —5) 
(4a + 1). 4. (w— 5) (Ba + 7) 


Exercise 36. 

A. 1. (4%+6) (8%+4). 2. (5a —9) (3a—4). 8. (5a+6y) 
(4a — 3y). 4. (7a + 2b) (2a — 7b). 

B. 1. (2a+5) (8a+2). 2. (4m—6) (8m—4). 8. (10a — 33) 
(2a + 71). 4 (3x — 5y) (Qe + 5y). 

C. 1. (4y—7) By—4). 2. (64+5) (2a+3). 3. (7a—3a) 
(5% + 4a). 4. (lla — 4:) (By + 82). 


Exercise 37. 

A. 1. (38a—- 5y) (3a + 5y). 2. (la —34) (lla + 33) 
3. {atb+aty} x fatb—xzty}. 4. {Qat+y+2} 
x {Qa—ytz}. 

B. 1. (6p —7q) (6p + 7q). 2. (Ba® — 4b?) (3a? + 42°). 
3. {m+2Qn+a} {m+2n—a}. 4. {2a—Bb+4ce—d} 
x {2a — 33 — 4c— dd 3 

C. 1. (2a —70*) (2a+74?). 2. (16y% + 5a) (16y? —522). 
3. {l+a-—2a+3b} x {l+at2at+3b}. 4 {2at 
¥—z} x {2a—y—z}. 


ee 
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Exercise 38. 


A. 1. b(2Qa-+ 8). 2. 478(b +20). 3. (Sa LM) (a + 109). 
4. (lla + y) (@ + Qy). 


B. 1. 6 2a —h). 2. (8y+z) (Qy+32). 3. (7a+y) (at dy. 
4. (a— b) (19a — 75 + 6). 


C. 1. (—c¢) {6+ 7c). 2. 01 (6a — 954). 3. ee 3y) 
(32 + 9y). 4 (a + 4) (55 — 5a — 2). 


Exercise 39. 

A. 1. (2¢e— 3a) (4c* +6ca+9a*). 2. (a@— by) (a? + 6ay 
+36y°). 3. (4x? +6ay+ Oy?) (4%? — 6xy+9y?). 4. (25m? 
+ 5m + 1) (25m? — 5m + 1). 


B. 1. (7a + 8) (49a? — 56a + 64). 2. (10x — 1) (1002° 
+ 10x +1). 3. (9a? + l5ay + 25y?) (9a? — l5ay + 25y?). 
Aa be ah 1) x (226224406 +1) Ket bt abe. 


i. (a+ 44) (a? —4ab+16b?). 2. ade (Slazy? 

+ 18axy + 4a*). 3. 16(4a? — 2ey + v) (Ax? + 2ay.+ y*). 

4. emia + my? + 1) xX (m*y* — m*y?.+ 1) x (mF y® — 
ney st 1). 


Exercise 40. 
A. 1. 20b(5a + 4) (5a — 6). 2. 5y?(y — 6) (y + 3). 
3. 4a?(2x — 1) (8a +1). 4 8m(m? — 3) (m — 4). 

B. 1. a°(a — 2y) (w* + 2ay + 4y?). 2. (y—2z— 2) (y— 
z+ a). 3. 5ay(Ba— 2) (By — 4). 4 3p(20* — 5) (p — 2). 
C. 1. y3 (4 — 4c) (b + 4c). 2. 7a2h (2b — a) (b — Qa). 

3. 2a*b (5a — 3b) (2a + 3b), 4. 4m(m? + 6) (m — 2). 
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Exercise 41. 

A. 1. (a—a)(w+b)(w—c). 2- (w—2)(x + 3) (#—9). 
3. ab(a + 6) (a—b)*?. 4 (@+ytz) (ety—z) x | 
(e—y + z) (#—y— 2). 

B. 1. (yt+a)(y—2) (y—c). 2 (wt I @—D) (+ 4, 
3. 642 (4a + 3b) (a —23). 4. 2a*d(a + D). 

C1 (2ta)(etB)\(e—o). 2 (yt 2)(y—4) (y—9). 
3. 5ay(ay — 1) (wy? + ayt+ 1). 4 2@— z) (L— #z). 


Chap. XIl.--GREATEST COMMON MEASU RES. 


Exercise 42. 


1. 2. 3. 4. 
AS yarn y”. 3a*bc?. Tabxu?. Bu yz. 
Be Tam nat © 1x7 yz". 9p? gs°. Aan? yz*. 
obey 2°. 7677 d. dab?c. Sar bx*. 


Exercise 43, 


1. 2. 3. 4. 
A. a+ y. ies a y(a + y). Se + Z. 
B. a +0. wy(a—y). m+ 2n. 2y — 3. 
C. w+ 2y. 2a — 36. eee 4a — 1. 


Exercise 44. 


1. 2. 3. 4. 
A.a+t 3. ie ae ajb--+c) «#—d. 
B. 2x + 3. a?(3a + 2). a— 2h, 2y(y* — 3). 


C. 3y — 2. a(y+a). u— SY. (a— 1 )(a—6). 
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Exercise 45. aha 
si 2. 3. 4. 
A. 3a+9. 4y¥+ 12. at+a2—4g? tatl. 3(*—y). 
B. 2y+ 11. 9a—3.  y?—2y +4. dy? + 2:7. 
C. 4647. 2 +8. a? + a? —a— 1. SO to 
&xercise 46. 
1. 2. 3. 4. 
Ae Bie SO 2. be Bye he Ay 
B. y? — l8y+ 5. 38a? +1. y2—y—1. 22224 
C. s? —8. 26°— 3. 3x?—ay—2y?. By —1. 
Exercise 47. 
de 2. 3. 4. 
A. a—l. y* — 2y + 5. 3x2 — 2y. 30° —4, 
B. x +1. a — 2. Ua 0: 2% — 3. 
Cael 2s CY ay? es ay x— i. 


Chap. XIl—LEAST COMMON MULTIPLE. 
Exercise 48. 


l. 2. 3. 4. 
A. 60a°b2c3. 12x23 y8. LO2msn?p>. 1176a342¢3, 
B. 30a*y?. 12a?b8. \74a2bc?. 156m*n*. 
C. 12a?4*. baety*. 180a?b% cd?. 216a% y3 24. 


Exercise 49. 

A. 1. 8a(a—2y)*?. 2. 120ab(a*—4?) 38. (m+7)(m—6) 
(m—9d). & (a + 2) (a + 3) (5a + 1). 

B. 1. 18ab(a* —?). 2. (a? —1)(@+ 3). 3 (a+) 
(a+ 2)(2a+ 1). 4 (Qp—1) (p+ 2) (pt 8). 

C. 1. (w—y)? (a* +ayty?). 2: 29(a%—y?), 8. (8y+2) 
(y+2(y +3). 4 (b—7) (b+ 2) (b—2). 
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Exercise 50. 

A. 1. (%?—3x + 4) x (2a? —% + 2) x (2? + a — 2). 
2. (3a? + a—1) x (Qu? + 2x + 5) x (40° + 3a — 5). 
3. (a? + 2a—3) x (2x? —3a—8) x (2a? —a— 5d). 

A. (29 +5) (a? + 3a + 4) x (a? + Qet 3a? + e+ 2). 

B.1. (3y% —2y + 3)(y?, + y—1) x Gy? — yt a. 
ZB. (40? —a + 3) (a? + 2a—A4) X (2a tat 6). 

3. By? (Qat+y)(Ba—y(at+5y). 4. (a? +3) 2a? —a-—I1)x 
(2a? + a--2) x (3a® —a + 2). 

C. 1. (Qu? + w—4) (a? + 2a—3) xX (a? + 3a—2). 2. 
§a(3a—2)(3a—5) (a+7). 3. (y® — 3y+5) (2y?+y—6) x 
6y2 —2y + 3). 4: 9(w®—a + 1) (Bat2) x (w—1)(#—2). 


Chap. XIIl—FRACTIONS. 
Exercise 51. 
oy Oe" a m—3n 
303 Yq: 2 ga—ope? 24 e+ Bmn+9n® 


ey ae aS 
3b bm 3a ab m+ 7 
Oe tg ena a. , 
ho 4ac %n a+2 ag a— 2 2 m+ 138 
Pi 3(a + y) 
SEEN 
2a | 22 FEE ah OOF Sa cedad 3a? by 
’ 3a’ Bay “3a?+3at+10’ = axt+2y 9 4a—y 
mto»d 
ge A 


ee 


&xercise 52. 


es 
 : 


3 and 


day Le 2 2. sme : and Pure br 


a* + 2b* 4, Oty + By? 
Tatb° 5 C+ Oy 
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ca 


Le) : ‘ ie 2. _ Dia, 
B. 1. she =: and eee 2. lac net aa seier 
3 my 2a By 
© Agee eg 
ea VA wa Mee dhe 
Co 202: 3 and OOF ete 2. MO by 5 Sy rBye and 
4, | a 5b 
33a—4, c 1—2e +x? a* —b* —¢2— Abe 
ee Ll+e a+é—eE 
Exercise 53. 
5b : oa* ay 
2 ° De rae 5a gee SO = V: Sarai lee 
Aiet, to tes 2° Za v + oe 3. 72 cine 
3 2 2 3 2a 
4. a° —a*x + ax 1 i 
a + x 
12 U a 
B 1 3 + sas 2 2Za—3a— ee 3 Saa—a? + a 
a 4. 
‘ai, aaa Te 
: 3a? 5) 
1. 5at+2y+4 0 26 Ma oe LSE sek: 
C. 1. o%+ yt 2. 0O%—a + Sie Se Cae EO 


| 
0% —ae+ | — 
= ies a | 


Exercise 54. 
4a + 4 5 32a — 29 5 94 — 4- 


A. 1. Bas ae Me 
P a? + 18a? — 18a + 18 
12a3 
18y + 37 ola — 25 5ab + Tac + The 
B. 1 e ioe = Neen: Tey —. 3. i Sg ee 
6m? + m?—m+3 
4. len igen hace a ca AR AL a 
m 
23% — 65 dly — 27 41xy — 8y 
Cc) 1. BY ese 2. BC RETE hit eas bay eed 


Lia? + 36a? — 12a + 10 
4. 
6x3 
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foal 


Exercise 55. _ 
2a? + 1l2a+ 17 q 3x* + 2a?a? + 3a? 
ot fa + 1g u* — at ; 
91 382+ 111 
dea — 24 ™ (a + 2) (a + 38) (@ £7)" 
9x%+ 21 2(a* = y*) 43 
Pe 22% — 10 oe 
(@% —— 1) (w@— 2)’ 
Ax 3(a? + 4? j 10x 4- 19y 
Brg ate Om + ey’ 
ip toa + 41 
(2% + 1) (22 + 3) (3a—1) 


A. 1. 


3 at F 


5 sea 


Exercise 56. 


2a+7 Bee 7 
; (a + 4) (a+ 5) 2 (a By le 4° 
eis Bay 4(8a — 1) 
 (@ + 2y) (a—2y)* 38. — 4a?) 
si gg eta lla ite an a +. y? +2% —3ayz 
Oe ae ht Ae OR wy | 
4 5? — 2Qah — 5" 
; al(b* —— a> ) ; 
4a +9 at —2a?4—-2abh3? —/' 
-1 5. 2. — 1.8. 
Cc. 1 (2ae-+ 4) ( 2a+ 5,’ L.3 Abas he 
o . 
A Bla® 9). 
Exercise 57. 
7z+2%— 3az Aa --- 19 
0  eheet 2 Ge DayeSaygn 7 FC 3. * °- 
a+ 2 Ae + 52 
ie (a@—1) (2a+1)° ~ (@—4) (+3) (+5) 3. 0. 
2 
TE OE el 
(x +b a?) (x” -f y?)* 
¢ 1 
o- 5 : 2. ey ie io 


ae EE. vw. - wu ag 
a— 6° ta us — 8 
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Exercise 58. 


Exercise 59. 


l 
e280 9g tte ee ee 
Ald @730-F 9.28 oS se 4. 504 $3) 
Boe or ee a* + y* 
dy +7 (a+ 2b\(a+5) ~" (a? + y?)? 
2 
4. a 
oy bog at 2) eet Reape eee 
aT Va — 4)(2e? + Ba +5, ~ 4a(a—22a)° 
1 
nu a 
fxercise 6O. 
is 2. 3. A. 
A a(a + 3) 2(a + y) 1 po ee 
® ata r gay . > (a —c) (a+ c)?° 
y(y+3) 6? +03  Qa—1 aty 
C. = Ha ee os i 
b 1+ y? ) we 


Chap. XIV.—-GENERAL TESTS. 
&xercise 61. ‘ 


Al a+y. 2 5a+ 3b —de+ 8d. 8. (8a + 4b). 4 = 
5. (i) b*—45° +1002—12b+9. (ii) a®—1l5a* + 75a?—125. 


y2 + y? 
2 —y? 
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B.1. 3a? -- 35? +3c%. 2. 1. 8. (i) a—36. (ii) 4a? — 10d 


ee eer Ot Pat 
a+ 34° a*(a—a)*(a* +ax+ a7) 


C.1.0. 2. 47%a+%b+23c. 3. 20° —4at*+ 2793 — 4+3q? 


on? — 2+2 
wey 27... 5. + ] BS; | p +2 
4 3a* —6a+9° u )(p i ) 


Bo 2)..8 2 tee 


a—6 


a a 


Exercise 62. 
A.l. 52a—- 48. 2.14. 3. ay?’ — ce + cy. 4 —— 
5.«—2. 6.0. 
Bl. 1. 2. y?+(a — 2c)yta?+3c?. 3.21. 4. (i) 12? 
+ hy? tase? thay — tar — dye. (ii) ha%+ha%d+20b? 
3 222 ‘ me koe a 
+ syb*. 5. dat? 6. 20( © ;) 
“2 —y 
C.1. — 698a+ 3584+357c. 2. 884. 3. a(a? +b? )(3a—b) 
4. 2(a* +b") (a? +y*). 5-0. 6. 19a? +37a5+19b?. 


Exercise 63. 

A.l. 642, 2. — 3x?y — 5y*. 3. (i) (10y —1) (y+8). 
(ii) (a — 19) (a + 178). 4. (2p + 3) (4p + 5) (3p —5) x 
; 2a 

2 eae SO eee Ge 
(p + 2) (p ) a4 Bb 
B.1. —— 2. (i) (w+ y) (e+ y +1). (ii) 8a(a + 9) 
eee eg, PA Am 8 og ans 1098 
Sa? — 43° 3m? + 4m — 24° 
ee 
i Byte a) 
: a 3a? + 1 
ewlee a. 4 bh. 8. aia — 3), 4 Ee 

C.1. 1152 y — ob ah(a ) la(a® +1): 
5. + 1 6. (i) 9a* — 12a? — 26a? +2004 25. (ii) 2a? 

a oi 


4 
+ $a* + ga + 1. 


— 7m? + 247 + 16. 6. 
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Exercise 64. 

A. 1. 2. (i) (a*+2ay—y?)x(aty). (ii) (a? +2ay 
i ay 3. (i) papal 3 + 13a* — 14a3 + 102? — 
Ax+1, (ii) ? 3 +864 3h 4S .. 4. G@C.M. 7a — 2b. 
L.C.M. Cas: (Ta-+ 24) (3a_— 2) x (30 +.26). 5. 1: 
6. 4(x? + 1) (w — 1)? (a — 2a — 1) (@ + 1)?. 

B. 1. —— 2. (i) Qa — 1) (#@+3) Get? “Gita -8) 
(a? —“ 2ab+-67), 3. vi) da*-+ga* dea a4, Gees 

2 teen fe | 
+ 6028 + 302 + 133 4.2 8 5. uw? +2 +2 


ate (bao 
6. 2in + y + 2). 
21 2 ¢ 
C. 1. 122, 2. Pp —2p—1. ret (x a Ponte y 
4. @) 9( ap ia 7 Je GU 2030, sao ee 
See a 
fee (i) (Qa—b).(a—1) x (a+b). (ii) (@ty—}) 


2 Deets oS | G6. bs 
(a? + y ay tet y A ase 


Ace 


Exercise 65. 

A.1, 6. 2.178. 3.4? —1. 4 5a? + 83a6 — 25?, 
5. sy? + y—2. 6. (a—1) (a + 1) (2a + 1), and (w— 1) 
(2% — 1) (8% + 1). 

B.1. 4, 2.17. 3.0. 4. 8%* — 2a? — l4a — 5. 
5. 3x? — 3a? + ex + 3. 6. (Qy— 3) (y? + y + 1), and 
(6— 1) (+ 3) ( — 2) 

121. 24. 3.0. 4. a + tay — $8y*% — Sy — 2. 

5. 1 + 4e— 10a?. 6. (8a — 1) (8a — 2), and (a — 1) (a+ 2) 
(a* — 2a + 4). 


Exercise 66. 
Al a? > *—l] tS eee da + Qy - 


«Sale LON ge 1 a ee ee + 5y° 
a®* + 2a+ 8 


ae — 1: © da8 4 Bat + a1 
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2(3y + 2) 1 2a? 5a* 


ee: es ae 
2 2(a -— 3) a2 
34 — 2 = ake ee Ce ee . e e 25, RE 
3 4 eae 5 28 6 


2 paced 
Cc. 1. m2 —2mn + 4n2. 2. ae 2 Ba fy. 
2 ~62 + y 


4 SES a Ape gi AG 
oe + le tT) BaF +82) 


Exercise 67. 
oF as Bh) tae + a) a = ey 
3. 2a? —b?. 4. (x — y)(y— 2) (4—2). 5. —. 6. —. 


2 : 7 a Gh. + by 
—b)(a—c)(a?—be. ag) See 
B. 1. (a—b)(a—c) (a CA) 12h OE re 2 


2 


a 


© la tT) (a? #1) 
C.1 G.a+b—2a+y) x (Ba + b+ 40+ y). 
BS 2 oer) oe 


Ae Ge 1 


2. 3 


ae b+e ze (% — a) (a —d) 


Exercise 68. 


A. 1.— 17%, 2.1+ 5a+4 lda? + 450°. 3. y? (4a—3y) 


(6a4*4)) 4. a) 5° 180° (4 — 1) (4 + 1) x' (a+ 2) 


B, 1. 102. 2. 1—y—3y? —y? + dy*. 3. 1. 4. Qa2?— 
Va—3. 5. tu? +$az—JPoy? + gez?. 8. 5a?(8—2z) (54+2). 
C. 1. 4y?—By+7. 2. 3. 3. Q4a%y?. 4. (Lla—2ly?). 
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Exercise 69. 
A. 1 (ax + 6) (w+ 1). 2. 842 —2a+5. 8. 9 


eee 


A 240) eg 
a 


rps a aot 
B. 1. 1a 20 a - 8. (ax+ly)(ba—ay). 
4.1. 5. (2a? —-4a+3) (w? +39 — 1) and (2u%* — 4a + 3) 
7 + Qa + 4 
fe 2) eed), gt ees 
oA) ee 3 a(a® + 1) 
C. 1. 38z2—c. 2. (aw + 6)(ba—a). 8. a?. 4. }. 
a(3a + y) ‘ 25 | 


Exercise 70. 
A. 1. The 2nd is greater; difference=65280. 2. (2ax—by) 
(2be-— oy), 8.——— 4.1.) 8. 0953108, @= + at 


id (ad + RS iy (ad + bc)d* 23 Lae 
C' Ct 


B.1. 3. 2. w(@—1) (7a + 103). 8. w2—y. 4.1. 


3 ) 3 im 
5. a7b?(3a?—2ab+382). 6. (~ —2) =i —¥ _3 ea) 
oN \¥ @! Y x HI? 


Cc. 1. (w+ 1)(ax—S). Q, 2.( be jee ), 3. G.C.M. 
ay ba. 

7a—2b: L.C.M. (7a—2b)? (7a + 2b) (3a — 2b) (3a+ 28). 

4.1. 5. acu? + (ad + bc) a + bd, ace? + (bc—ad) a—bd, 

acx* + (ad—bc)a—bd, acw*?—— (ad + bc) x + bd. 6. — 216. 


NMHE END. 


